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Nuclear Spectroscopy with Harmonic Oscillator Wave-Functions 
by Igal Talmi*), Swiss Federal Institute of Technology (Zurich). 
(20. IX. 1951.) 


Zusammenfassung: Die Beschrankung auf harmonische Zentralpotentiale ermég- 
licht die Entwicklung einer neuen (vom iiblichen Slaterschen Verfahren verschie- 
denen) Methode zur Berechnung der Matrixelemente der Wechselwirkung zwischen 
den ausseren Nukleonen im Schalenmodell, welche insbesondere auch den Fall 
nichtzentraler Krafte in einfacher Weise zu behandeln gestattet. Als Anwendung 
wird gerechnet: Die Ordnung der Niveaus in der j"-Konfiguration, fiir einige 
physikalisch interessante Fille; die von der Spin-Bahn-Kopplung zwischen den 
Nukleonen herriihrende Dublettaufspaltung, und die Lage der untersten Terme 
von Li’ bei Beriicksichtigung von Spin-Bahn-Kopplung und Tensorkraften. 


Introduction. 


The discovery of the “magic numbers” and the general success 
of the shell model in explaining many experimental facts about 
nuclei have led theoretical physicists to work with the methods of 
atomic spectroscopy in the calculation of nuclear levels. In this at- 
tempt three main difficulties are encountered: 


(a) The form of the interaction potential and its exchange character 
are not sufficiently known. In addition, the form of the wave- 
functions can be only guessed. These facts make necessary the 
examination of various forms of the potential. 


There exists a lack of sufficient experimental information about 
nuclear spectra. There are only a few excited states for which 
the spin and parity assignments have been carried out. Whereas 
in atomic spectroscopy it was possible from the vast amount of 
experimental material to determine easily the several parameters 
used to describe the atomic levels, here these parameters must 
be mathematically evaluated. 


(c) Non-central interactions, such as tensor forces, must here be 
taken into account, whereas in atomic spectra such interactions 
give a negligible small contribution. 


*) Hebrew University, Jerusalem, Israel. 
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Thus, the Slater method, used in atomic spectroscopy, is not 
practical in nuclear spectroscopy, because: 


(a) one must work with different potentials, each of which must be 
expanded in a series of Legendre polynomials, for which the 
coefficients are usually complicated functions; 

(b) this fact makes impractical the calculation of the matrix ele- 
ments, which now must be completely carried out; and 


(c) for non-central interactions the method looses even its formal 
simplicity and becomes very much involved. 


In the first part of this paper an alternative method is suggested 
and developed. Although this method is confined to the use of 
harmonic oscillator wave-functions, this limitation does not seem to 
be too serious in view of the fact that the form of the wave-functions 
cannot be determined if the interaction is not known. We use these 
wave-functions only as a model in order to learn the results for 
various types of interactions. That our choice of wave-functions is 
reasonable is seen from the rough agreement of the level order in the 
oscillator potential with that found experimentally. In any case, one 
would not expect the exact form of the wave-functions to have a 
decisive effect on the results. Due to the separability of the potential 
of two nucleons moving in the central field of a (8-dimensional) 
harmonic oscillator in the relative and center-of-gravity coordinates, 
it is possible to write the wave-functions of two interacting nucleons 
as a finite sum of products of functions which depend on these co- 
ordinates. This transformation makes it possible, when calculating 
matrix elements to integrate immediately over the center-of-gravity 
coordinate, of which the interaction energy is usually independent. 
What remains is only to calculate matrix elements of the interaction 
energy (which may be a complicated function of the relative co- 
ordinate and of the relative momentum), in a scheme of wave-func- 
tions written in terms of this coordinate. 


After a survey of the shell model and the Slater method (§ 1, 2), 
the proposed method is described and discussed (§ 3). In § 4 the 
transformation of the wave;functions from the coordinates of the 
two nucleons to the relative and center-of-gravity coordinates is 
considered. The Slater method can be regarded as an approximation 
procedure in the neighbourhood of the long range limit, whereas our 
method can serve as a good approximation method in the short 
range limit, which might be looked upon as the proper approxima- 
tion in the case of nuclear spectroscopy (this point is discussed 
in § 6). 
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In the second part of this paper the determination of the ground 
state of the 7” configuration is treated. An empirical rule, stated by 
MayYER}), is that the tctal angular momentum J of the ground state 
is equal to zero if n is even, and equal to j if n is odd. This rule was 
then derived theoretically by Mayer?) and Racan) for Majorana 
forces in the case of 6-type interaction, or, better said, in the short 
range approximation. A few cases, however, were found experimen- 
tally where this rule does not hold. Kuratu‘) and others have sug- 
gested that these deviations could be explained by considering the 
effect of the finite range of the forces. It has already been pointed 
out by the author) that potentials more singular than that used by 
Kuratu give different results. With the method described in this 
paper this problem can be treated quite generally. After the ex- 
amination of several interaction potentials it can be concluded that 
for physically admissible values of the parameters (range of the 
forces and extension of the wave-functions), the order of levels is 
that given by the short range approximation. The break down of 
the above rule may be due to perturbations from other configurations 
or to the action of tensor forces. 


In § 5 we present the problem and show how our method may be 
applied to obtain directly the values of the energy levels which are 


already calculated in the Slater method. The dependence of the 
results on the form and range of the potential is treated in § 6 for 
the (d;,.)* configuration. In §7 the configuration (f,)2)* is treated 
and discussed. The configuration (g9/)* is treated in § 8. In several 
nuclei in which these configurations appear (according to the shell 
model), the spin of the ground state is not that predicted by the 
7j-coupling scheme in the short range limit. These cases are especially 
interesting as they may give direct information about the nuclear 
interactions (in contrast to the other odd-even nuclei whose level 
schemes have been classified, in which only the states of the single 
nucleon are observed, thus giving information about the central 
field only and providing no direct information about the nuclear 
forces). 

The third part of this paper deals with mutual spin-orbit inter- 
actions. An interesting problem is whether the spin-orbit interaction, 
introduced by Cass and Pars®) in order to explain the results of 
scattering experiments, can give for heavier nuclei sufficientsplitting 
between the states 7 = 1 + 1/2 and 7 = | — 1/2 (of a single nucleon) 
to satisfy the requirements of the shell model. We state the problem 
and calculate matrix elements of the mutual spin-orbit interaction 
in § 9. A few cases of a single nucleon outside closed shells are treated 
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in §-10, and the resulting doublet splitting is calculated. With reason- 
able values of the parameters an order of magnitude of a few MeV 
is obtained. The results are, however, very sensitive to the nuclear 
radius in the interesting region. 

In the fourth part of the paper the Li’ nucleus is discussed. In 
this nucleus only one excited state has been found in the energy 
region between the ground state and several MeV. As early experi- 
ments showed that this excited level has a compound nature, it was 
suggested by Inet1s’) that it may be composed of the four excited 
levels of the 77-coupling configuration (p3)) p3)2 p which may per- 
haps coincide (but he was not able, using only central forces, to 
obtain such a coincidence). Our method was used to take account 
also of tensor forces and to check whether their contribution may 
bring coincidence of those excited levels. The (ps/2)y ps2 p configu- 
ration is treated in § 12 for the case of central interactions with tne 
various exchange operators. The term values were calculated by the 
sum method combined with the use of the quantum number of the 
total isotopic spin. In § 13 the matrix elements of the tensor forces 
interaction for this configuration are calculated. The results (§ 14) 
show that, for reasonable values of the interaction parameters it is 
possible to obtain such a coincidence. 

As recent experiments have shown that a spin 1/2 for the excited 
level is compatible with the known facts§), the natural explanation 
arose that the two lowest states are the components of a ?*P state 
(in LS-coupling). LS-coupling for Li’? is not in contradiction with 
the shell model, as Li’ is a light nucleus; it is believed that only for 
heavier nuclei does 7j-coupling take place. It is known that neither 
the Thomas interaction nor the magnetic spin-orbit interaction can 
give sufficient splitting between the components of the ?*P ground 
state. The splitting which results from the Case and Pais interaction 
is calculated for the 2?P state of the configuration p} pp (§ 15). The 
result is of the right order of magnitude but the splitting obtained 
is again very sensitive to the nuclear dimensions. 


I. The Method of the Harmonie Oseillator Wave-Funetions. 
§ 1. The shell model. 


The term “nuclear spectroscopy” is well defined in experimental 
physics ; it means the measurement of nuclear spectra, their classifi- 
cation, and level assignment. On the other hand in theoretical physics 
this term does not usually mean “the theory of nuclear spectra”’, 
but is: more limited. It is mostly used in the sense of “the use of 
the methods of atomic spectroscopy in explaining nuclear spectra’’. 
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In the past many attempts have been made to apply the methods 
of atomic spectroscopy to the calculation of nuclear energy levels. 
Meanwhile more experimental material has been gathered, espe- 
cially in the region of high excitation energies, and the theories which 
successfully explained these facts were statistical in their nature. 
Only in the last few years has.it become clear that there are regulari- 
ties in the nuclei which are not of a statistical nature (magic num- 
bers). Various ‘shell models” (which are in fact the former Hartree 
approximations) have been proposed, the most successful of which 
is the one based on the strong spin-orbit interaction’)®). This model 
does not only explain the magic numbers and the spins of the ground 
states of nuclei, but can also be applied to the classification of level 
schemes in thé low energy region?®). It appears that experiment now 
forces the theoretician to accept a theory which he earlier abandoned 
and for the validity of which there are not yet sufficient theoretical 
grounds. 


The basic assumption of any shell model is that the average field 
which acts on a single nucleon can be approximated by a central 
field in which the nucleon has a definite state (characterized by 
quantum numbers n and /). The nucleons occupy the lowest states 
and may form closed shells. A magic nucleus is a nucleus which 
contains closed shells only. The characteristics of the ground state 
are determined by the interaction of the nucleons outside the closed 
shells. This interaction energy is usually taken as a perturbation on 
the zero order energy, which is the sum of the energies of the single 
nucleon in the central field. The zero order energy is the same for 
all the states of a given configuration (i.e., the nucleons outside 
closed shells occupy definite states of the central field). In addition 
to the central field acting on the nucleons there can also be an inter- 
action of the spin of a nucleon with its orbital angular momentum 
(the usual spin-orbit interaction). If this is large compared to the 
mutual interaction of the nucleons, the spins (i.e. total angular 
momenta) of the nucleons 7 are good quantum numbers. Thus every 
nucleon has a definite n, 1, and j. This is the 7j-coupling scheme 
which is postulated in the shell model of M. G. Mayer. 


To the zeroth order the wave-functions of the nucleons are pro- 
ducts of the wave functions of the single nucleon in the central field. 
The wave-functions of the nucleons in the states n,1,, mg l., ..., 
Mmlm, with other quantum numbers a,, a2, ..., @m (where a, for 
example, could be the magnetic quantum number m) is: 


Wg (Ly, Le, ---5 Lm) = Ya, n, 1, (4%) Yay nq l,(Le) --- Yay Nan Lon, (Tm) . (1) 
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The zero order energy is degenerate, since it is the same for all 
the states of the configuration. If the mutual interaction of the 
nucleons is taken into account this degeneracy is partly removed, 
as known from perturbation theory. The first order energies are 
then the eigenvalues of that part of the interaction energy which 
belongs to the configuration. 

The appropriate zero-order wave-functions are definite linear com- 
binations of the wave functions y, determined by the quantum 
numbers of the interaction energy (these are, for example L and S 
in the case of Russel Saunders coupling, J in the case of 7j-coupling, 
etc.). Therefore the matrix elements of the interaction energy is a 
sum of matrix elements (A | V| B). The interaction energy has the 
form »' V;; where V,;; = V,;(x,, 2;) describes the interaction of the 


wy 
i-th and j-th nucleons. In evaluating the matrix elements of one 
of these terms we can integrate over the coordinates z,,1 + 1,1 + j, 
and obtain: 


If: ; - | vi,(as) Ya,(Ze) ++ Ya, (Tm) V; j (i, 2j) Yp, (21) p,(22) vee 
eee Yp_ (2m) dz, dz, eee dim are 5a, b; 5a, b, eee 


(2) 


aa ba, bia Sass bie’ ba, bya 9a; Bysace’ Dam 6, * 
x / / Wa, (%i) Ya, (2j) Vij (ai, &j) Yp, (ti) yp, (aj) dai da;. 


Therefore the matrix elements of V in the zero-order scheme are 
the sums of matrix elements of the type (2). The coefficients depend 
only on the operators commuting with the interaction energy 
(quantum numbers) and may be calculated without the explicit 
knowledge of the interaction, as they are independent of the exact 
form of the wave functions. There are well developed methods for 
obtaining them, as given by Conpon and SHortiey#4), G. Racau??) 
and others. The explicit dependence on the form of the interaction 
is contained in the matrix elements which we shall consider in some 
detail. 


§ 2. Survey of the Slater Method. 


The important feature of the matrix element 


J [ vas) vig?) FoF) v4) ¥5,%) Bry dr. (8) 


is that the py are functions of rT; and 7g, and Vj, is a function of 
7, — Tz. The usual way of treating such expressions in atomic spectro- 
scopy was developed by J. SuatER?%), who expressed V(r, — 79) as 
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a function of r, and 73. The procedure is to expand V(r; — 73) ina 
series of Legendre polynomials, the argument of which is the angle 
@,_ between 7, and rz with coefficients which are functions of | r;| 
and |r|: 


VF,—#) = Zz fe (ty) B,(cos 4) (4) 


P,,(cos @) can be expanded in a finite sum of products of spherical 
harmonics which are functions of #,, y, and #,, y, respectively 
(these are the polar angles of 7; and 73). At this stage the angular 
integrations can be performed, and a sum of radial integrals 


RE (ag, 4g, by ba) = f/f Bay(ts) Rats) felt +2) Bb,(r1) Ro,(ra) drydrg_ (5) 


remains, the coefficients of which are products of two integrals of 
the type / 0, 9, O, d cos # (only finite number of these coefficients 
do not vanish for definite a,, a,, b,, b,). We shall mention in this 
work the F* only, but all the considerations are true mutatis mu- 
tandis for the G* too 


[F'*(a,, a.) = R¥(a,,4_,0,,4,) G*(a,, dy) = R*(a,, a2, Ag, 4) | . 


This procedure is very useful in atomic spectroscopy because 
there the interaction is given by Vj, = e?/|r; — 73| and there exists 
the simple expansion: 


foe) ke 
= P —<— P,(cos @y) te=Min(r,,7.) 17, =Max(r,,1,). 
In —7s| k=0 . 
The wave functions are not easy to compute, and their radial part 
is the only indeterminate factor of the F*. In fact, the atomic 
spectroscopists did not bother themselves with the calculations of 
the F*, as in any case many energy levels were measured, so that 
it was easy to evaluate the F* from some of them, and check whether 
these values of the Slater parameters really gave the other levels as 
well. In nuclear spectroscopy, on the other hand, this is impossible 
as there are usually only very few levels measured and classified. 
Therefore if one is to use the Slater-method, the F* must be mathe- 
matically evaluated. Even for the central forces, however, we do 
not know the exact form of the potential. We should therefore 
calculate the energy levels for different forms of the potential. How- 
ever even in simple cases such as the Yukawa potential, the calcula- 
tion of the F’, is so complicated that Slater-method is of little 
practical value. 
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For complicated interactions, such as tensor forces and mutual 
spin-orbit interaction, the expansion is very complicated and of 
practically no value (an example of such an expansion is given in 
a paper of Marvin?4)). 


§ 3. The alternative method for the oscillator wave functions. 


To overcome these difficulties we make use of the fact that the 
interaction energy depends only on the relative coordinate Ff =r,—1}, 
and our procedure is to express also the wave functions as functions 
of 7 = r, — 7; and the other coordinate R = (7, +73)/2 (the coordin- 
ate of the center of gravity of the 1%* and 2™4 nucleons). This 
transformation enables us, when calculating matrix elements, to 
integrate immediately with respect to R, and we are left with a 
single integration of / y,(7) V(r) y2(7) dr which can usually be 
carried'out without difficulties. 

This coordinate transformation is always possible, but the func- 
tions of 7 and R generally turn out to be very complicated. The 
success of this procedure depends on the proper choice of the wave- 
functions. The best choice would be that one which allows us to 
expand the wave-function »,,(71) Y4,(7'2) in a finite sum of products 
of functions which depend on 7 and R respectively. This would 
certainly be the case if the potential of the central field, which is 
the sum V,(r?) + V,(r2), is also separable in the coordinates r and R. 

The condition for such a decomposition is: 


V. (rq) + Ve (rg) = U(R?) + W(r?) . (6) 
Putting r = 0 we obtain: 
2V,(R?) = U(R?) + const. 
and putting R = 0 we obtain: 
2 V.(r?) = W(4r?) + const. 


If we now put in (6) ri =r} so that R? =r? cos? a, r? = 41, sin? « 
where 2 « is the angle between 7, and 7, we obtain: 


2 V.(r?) =2V,(r? cos? «) +2V, (Anges) + const. 


Differentiation with respect to « yields: 
0 = —2r? cosa sin « V,(r? cos? «) + 21r? sin « cos « V, (r? sin? «) 


or: ap 
V,' (r? cos? a) = V,’ (r? sin? «) 
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which means V; (r?) = const. = A, i.e. V,(r?) = A r? + const. There- 
fore the only potential (possessing a derivative) which satisfies this 
condition is the harmonic oscillator potential : 


wr; + orn=>(4 w? R? + w? r?) , 


Taking the wave functions of the harmonic oscillator we can de- 
compose every wave-function y,,(7;) Y,,(f2) into a finite sum of 
terms of the form y,(R) y2(T) (where y,, y, are essentially functions 
of the same kind as y,,, y,,)- 

In order to utilize this method we must, therefore, use a very 
special form of the wave functions. This is not such a serious limi- 
tation, however, as the exact form of the potential and hence of the 
wave-functions, is not accurately known. We shall therefore be 
satisfied with the harmonic oscillator wave-functions, using them 
as model wave-functions, in order to learn the behaviour of, say, 
the energy levels in terms of the nuclear radius, —" magnitude 
and form of the potential. 


Compared with other model wave-functions, it seems that, physi- 
cally, those of the harmonic oscillator are quite good, as the order of 
levels in the shell model is roughly that of an oscillator potential well. 


The potential of a single nucleon bound harmonically, besides 
being in a central potential, is separable also in Cartesian coordi- 
nates. Therefore every function of the three dimensional oscillator 
can be given as a product of three wave-functions of the one dimen- 
sional oscillator depending on the Cartesian coordinates x, y, and z. 
This representation of the wave-functions has been extensively 
used?5)16), The coordinates used in this work are, however, the polar 
coordinates, and the wave functions are therefore a product of a 
function of r and a spherical harmonic. 


The radial parts of the wave functions 


R m 
v (r,8,9) == Ym (8, 9) 


are easily calculated, and can be shown to be of the form: 


Ra; (1) = Nope 2" ** 045() 


where N,,, is a normalization factor, and v,, is an associated Laguerre 
polynomial?’) (properly normalized): 


Onr(r) = LES 4, 4 (v7?) 


n+l+ 
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v is given by » = wm/h, and m and o appear in the Hamiltonian 
of the harmonic oscillator: 


H =<. (p? +m? ort). 


The explicit expression for these L/*,/? 11. is 


m\ (20+1)!! 
Dit +4(@ -2Cy )* 2s (;) (214+2k+1)!! ef. 


With this definition the normalization factor becomes: 
Ne x SMH (2042 m+ Apt wits 
Vx nt [(21+1)!12 
The first few functions are: 





for n = 0 


sd 1+1 gl+2 
R,(r)=N,e~2" +2 and Ni = Je ; 
Vx1-3---(14+21) 





for n = 1 





+1 9l+1 
a. and N?,= Vv v1 2 cata 
21+3 Yx1-3--- (1421) 


4y 5 4y? 
— 343" + B43) @I45)" 
end Ni, a Vv v'+1 2t-1 (2 143) (2145) ; 
- Yx1-3--- (1420) 








These are the only wave-functions which will be used in the follow- 
ing. All of them satisfy: 

| Bhilt) ar = 

0 


the Y{") (8, y) should therefore also be normalized to unity. 
We shall have to calculate integrals of the form 


I= | Riulr) V(r) dr 
0 


The integrals I,,, with n + 0 can be expressed as sums of integrals 
Jy, which we shall write simply as I,. The respective formulae are: 


21+3 214+5 7. 
Tyr = gL 2148) in + QT 
21+ 3) (21+5 21+3) (21+5 21+5) (61+13 
Ig, = BEBOUR. 7, CORRS 5 (2145) (61+13) 





1+1 - 4 


1 21+7 21+7) (21+9 
7 (2 +h +7) Tiss + (21+ f +9) is 
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We shall not need here formulae for higher n, but they can be easily 
calculated. These I,, as we shall see later, replace the F, of the 
Slater method, but unlike the latter can be calculated by a simple 
integration. 


§ 4. The transformation to the relative and center of gravity coordinates. 


The zero-order Hamiltonian of two nucleons moving in the field 
of the oscillator potential is: 


1 1 
H = 5, (pi + m* wrt) + =— (pj + m? w?r5) . 


We make now the canonical coordinate transformation: 
p= Boh 
=P2+ 
which introduces the relative coordinate and the center of gravity 


coordinate of the two nucleons, with the respective momenta. The 
Hamiltonian expressed in terms of the new variables is: 


1 


H ==, (P? + M?w? R?) +3 (p+ pb? w? r?) 


where: 
M=2m, wa=ym. 


This is the Hamiltonian of two harmonic oscillators with masses M 
and uw. The solution of the corresponding wave-equation can be 
written as a product of wave-functions of the two oscillator poten- 
tials depending on F and r respectively. The angular momenta and 
the number of nodes which characterize these wave functions will 
be called L, A and N, n respectively. 

If we want to express the wave-function wh"), (73) Yniz,(72) of two 
nucleons with definite quantum numbers n, /, m, and n, 1, m,, as 


a sum of products p¥,(B) y™, (7) we must find out what values of 
N, L, M and n, A, m should be taken into account. It is obvious 
that the integrals (quantum numbers) of the system must have the 
same values on both sides. We thus have the following restrictions: 


(1) The z-component of the orbital angular momentum. 
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(2) The energy. 
hw (2m, +1,+2 n2+1,4+ 8)=hw(2N+L+2n+A+8) 
which implies 
2n,+2n,+1+1=2N+2n+L+A. 


; (3) The symmetry. Instead of the wave-function nit (rz) vis, (2) 
(in the case that n,, 1,, m,, differ from ng, l,, mg) it is useful to take 
the symmetric and anti-symmetric combinations: 


(ym, F) ym, (Fe) + ¥™,(%) vm, (7) (7) 


og (vault) Ym, (Te) — Prey, (Te) Pres, (7) (8) 


which are on by +1 and (—1) respectively under the trans- 
formation 7, > 73, 7 —> 7 (which induces the transformation fF > —T, 


R-> Ff), and therefore y;,(R) y,(7) is multiplied by (—1)4 (the parity 
of w,(r)]. Therefore: 

Symmetrical (antisymmetrical) wave-functions contain only even 
(odd) values of A in their expansion. 

(4) Parity. The transformation 7, - —7, corresponds to 7 > 2R, 


R->7/2. The radial part of the function y,;(R) y,(7), which is the 
only part that changes, is f(/2» R) (Vv r/V2) (the factors 2 and 1/2 
multiplying the » of the oscillator potential come from M = 2m, 
f = m/2). Therefore it is changed under the transformation accord- 
ing to: 


rtm a (Zs) -» 097-3) 32) 1 F)o0rB5m 
and consequently : 
vi(B) pa() > vz(7) va(R)- 


In the same way it is seen that the transformation 7, > — rz or 
7 > -2R, R >—7f/2 results in: 


y,(r,) Ya (r) > (— 1)4*+4y 1 (7) v(R). 


As a result, the expansion of y;,,(7j) (7) should contain y;(R) pa(? 
and y;(7) y,(R) only in the combination: 


v,(B) pat) + (— 1)" y, (7) va(B) 
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It is multiplied in the transformation 7; > — 7, by (— 1)4, and in 
the transformation r,; > — 7, by 


(— 1444 (—1)4§ = (1) (— 1) = (1) 


When we build the symmetric and antisymmetric functions, we 
see that if 1, and |, are both even or both odd (and hence L and A 


have the same property) both y,(R) y,(7) and y,(r) y,(R) may 
enter into those functions, and therefore only in the combination 
(9). If one of 1,, 1, is even and the other is odd, the symmetric func- 


— 


tion contains only y,(R) y,(7") (with A even and L odd) and the 
antisymmetric function contain only y,(R) y;(7). Therefore the co- 


+ 


efficient of y,(R) y,(7) in the symmetric function should be (— 1)" 
times the coefficient of y,(R) y,(7) in the antisymmetric function. 

Subject to the above conditions, the transformation is most con- 
veniently calculated in the following manner. The wave-functions 
(7) and (8) are written down in the case 9, = 9, = y = ®. It is 
then easy to express them as functions of R and 7 and compare 
these expressions with a linear combination of the admissible wave- 
functions p¥,(R) ym 4(r) (according to the above conditions). By 
equating respective coefficients, the factors of this expansion may 
be easily found. When doing so no account should be taken of the 
exponential factor, as 


vy (4R+r* 2 2 
Oe Ie tug eg 
é = 6¢ =6€ é 


II. On the Order of Levels in 7” Configurations. 


§ 5. The evaluation of Slater parameters for the harmonic oscillator 
wave-functions. 


The method described in I will now be used to obtain some results 
on level spacings and especially on the order of levels in a few 
interesting cases together with a discussion of their dependence on 
the range and form of the potential. An important problem in the 
shell model based on strong spin-orbit coupling, which leads to the 
4j-coupling scheme, is the determination of the spin (total angular 
momentum) of the ground state of the j" configuration. It was 
pointed out by Frensere?$) that for n = 2 the spin of the ground 
state is zero (for Majorana forces). His argument was generalized 
by Racau?*) who showed that for any n the ground state has the 
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minimum spin allowed by the Pauli principle, namely (for an odd n) 
3/2 in the case of three particles (or holes) in a shell, and 1/2 in 
other cases. This result is apparently in contradiction with the 
empirical rule that the spin of the ground state is equal to the spin 
of the odd nucleon. However, Racau’s argument was based (as that 
of FEENBERG) on the long range approximation, in which one as- 
sumes that the interaction potential can be approximated by a 
square well in the region where the amplitudes of the wave-functions 
are important. On the other hand, results of Mayer?) showed that 
with a 6-potential the spin of the ground state is J = 7 if n is odd 
and J = 0 if n is even. (This is in fact a short-range approximation, 
where one assumes that the potential is different from zero only in 
a region so small that the change of the wave-functions in that 
region is small compared to the wave-functions themselves.) This 
result was subsequently proved by Racau’) in a general way. 

If we pass continuously (i.e. by a continuous change of some 
parameters) from the short range limit to that of the long range, 
we see that the order of levels changes continuously, and for different 
values of the parameters one obtains different spins of the ground 
state. The dependence of the spin of the ground state on the range 
of the potential has been treated in some special cases by KuratH‘) 
and the author). In the following, our method is used to obtain 
general results which are applicable to every potential, and addi- 
tional interesting forms of the potential are treated. - 

The method of the harmonic oscillator wave functions can be 
combined with the vast amount of results calculated in atomic 
spectroscopy: in these results all the energy levels are expressed in 
terms of the F’,; on the other hand it is possible to express them in 
terms of the integrals J,. It is therefore always possible to write 
down the F’, as functions of the I,. This allows us to calculate the 
values of the F,, when using any potential, by first computing the 
values of the J, by direct integration. The use of this. procedure 
makes all the formulae derived in the F, formalism useful for calcul- 
ations of the energy levels. 

If one is interested in central interactions only, it is not necessary 


to calculate the wave-functions of the configuration in terms of R 
and 7, as only the Slater parameters F’, are required and with the 
above transformation they can be directly calculated in terms of 
the I, ° 

The F* (which differ only by a constant factor from the F’,) are 
defined by: 


F¥(a,, dy) = Pi / Ri, (1) Ri, (re) fe(T1, 72) dry dr, 


0 
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where the f,(r,, 72) are the coefficients of the expansion (4). 
The f, are therefore given by 


a 
fe (ty, %2) = st [Mr lr, —17,|) Px(cos a2) d cos we 


(the factor 2/2 k + 1 is the square of the normalization factor of the 
Legendre polynomials), and thus: 


x P, (COs wy) 72 dry rz dr_ d cos Wy, . 


This expression can be integrated also over other angles d2 of which 
the integrand is independent, thus completing r? r? dr, dr, d cosa, 
to the differential of the volume element.in the space of the vectors 
7, and 7,. We obtain, after multiplication by a proper normalization 
factor Nog, 


R° 
F*(a,, dy) = ae Ps sf fm Ir, ica) F|) = R Bs ’) 
x Py il ak @ r,d°r,. (10) 


This integral can now be transformed to an integral over R and 7. 
As V(|r2 — 7;|) is a function of |r| only, it remains to express 


Ri, (r;) Ri, (r2) 


\ 
r rn P, (cos 2) 


in terms of R and 7. This is always possible with the help of the 
relation 1 
= = (4? —r*). 


11 Tz. COS Wyp = €,.%, . 


The result is a function of R, r and the angle « between the vectors 
R and 7 — 9,(R, r, «). So the above expression becomes: 


Fr = 2Ft! y of [V) ge(R, 7, 2) d?Rd®r = >*** n, x 
+1 co oO 
2k+1 
x V(r) o(R,1, 2) R¢d Rr? drdcosad@ =*"** x 
PEPE 
+1 0o oO 
x [ [ve o,(R,r,2) R?dRr?drdcosa. (11) 
0 0 


=} 
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Where d’ stands for the differentials which form with R? dRr? dr 
x dcos « the volume element d?R d*r; the integrand is independent 
of them and the integration results merely in the dropping of the 
normalization constant Ny. The integration over « can be easily 
done and it is then possible to carry out the R-integration, which 
leaves F’* expressed in terms of the r-integrals —J,. In this way 
the Slater parameters are calculated in terms of simple integrals 
without bothering about the expansion of the potential in a series 
of Legendre polynomials and without the complicated integrations 
in which such an expansion results. 

In order to see how this procedure works, we give explicitly the 
expression of ri rt P,(cos 4) in terms of R, r and «. This expres- 
sion results from the calculation of a configuration in which 1, = I, 
(and therefore k is even). Putting 


co 
P,(CO8 @ 42) = 3” Cyn COS?” ys 
n=0 


k = 2m, we obtain: 


™ 
t-2n pk—2n 2 
ri 72 E, (cos 42) = 2 Cnt On gt Bn 920 72° o08®* 09.5 = 


4 R%—r22n 4 R?-r? 
= Pm (ri 73) "— "(a } = 2, Con( 4 x 


(ee 


7) + B*r?—(B, 7) i a 


Use was made here of the relation 
tt (4") — y’ + R*r? —(R, 7)? = CA) + R*r? sin? « 


As an example we evaluate in detail F? of the configuration p?: 


+1 © © 


Ft Nt 3 ti / / V(r) eet 8 8(9 cost x, —2) x 


-10 0 


x fdr, r3 dr, d cos @. = 


(EE [fre Fs ae 


a ae + Rr? sin? a)| R* dR 1? dr d cos « = 





Nuclear Spectroscopy with harmonic Oscillator Wave-Functions. 201 


- (Ves [ve Fl = +g r)- 


2-3 V2v(2r)?16 4/2v-2y-4 


ge r| ar — (ons) x 
6 V2 v ( 2 v)28 /x-3 





»-—— T+ 
4\V2(2v)216 v/2-v/2-4 ° vaya 2-4 vj2(v/2)* 16 * 


5 (2% 15 yx ya Yx-15 I}- 


5x3 yx3_ 


25 
~ 6 Y2v(2 v8 Vv/2 (v2)? |= -[(Ip + Ig) — 2 1]. 


12 


In this way the F* for the configurations d", {", and g” were 
obtained; these are later used in the discussion of the 7j-coupling 
configurations (d5)o)°, (f7/2)3, and (95)2)°. 


§ 6. The (d52)* configuration with various potentials. 


The simplest configuration where the short and long range ap- 
proximations give different results is (d;,.)%. In the 6-limit the state 
with J = 5/2 is the ground state, and in the long range limit the 
state with J = 3/2 is the lowest. If one passes from one limit to the 
other a cross-over of these two levels occurs. This case is also of an 
experimental interest as a J = 3/2 state of the configuration is 
postulated?) for the ground state of Na?!. This case was treated by 
Kuratu‘) who used oscillator wave-functions and a Gaussian po- 
tential. It was also calculated by the author) using the Slater 
method with Coulomb field wave-functions and a Yukawa potential. 
The results were different, since the Gaussian potential can be well 
approximated by a square well when its range is increased, whereas 
the Yukawa potential has a singularity at the origin and does not 
yield the long range limit when its range tends to infinity. We shall 
discuss in this paragraph the cross-over and its dependence on the 
range and form of the potential. 


The energy states of the configuration (d;).)" were calculated by 
Inciis?°) in the case of ordinary (WicNER) forces between the 
particles. The calculation of the levels in the case of Majorana inter- 
action can be carried out in the same manner (an example of such 
a calculation is given later in the case of Li’). 
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The results are: 
.. a 
Boye = aa ~~ 5+ 49 ~~ 25 - 441 


—— = 
‘p st ea F 


F4 


Es) a 





627 
Ey, =~ F + =. 7 ine << wali 
The sign convention is that the F', are positive and the Majorana 
potential is attractive (negative) in symmetrical states. 

From the definition of the F, it follows that in the short range 
limit F* = (2k +1) F,, while in the long range approximation 
F'<F,. From these relations the order of the levels J = 5/2 and 
J = 3/2 in the two limits can be immediately seen. We calculated 
the F* in terms of the I, using the procedure of § 5 with the follow- 
ing results : 

8-5F*= (+1) +i(ht+h)+ ols 
1 1 
7-3aF aes oth + I;)— = I, 
3 
75S 5 Ft = +6 (Lo + I,) -~3(, +1) + — I,. 


Remark: In the above results only the combination (J,+J,), (I,+J,) appear, 
thus forming with J, three independent parameters which replace Fy, F,, and F, 
of the Slater method. The reason for this fact can be seen as follows: In the wave- 
function y, (r;) Y;,(r2) the product rh - rl appears as a factor, and therefore when 
we express it as a function of rand R the sum of the powers of R and r in every 

. term is equal to 1,+],. The transformation 1, >+—r, which induces r> 2, 
R->1/2 transforms, as we have already seen, f(/2»R) g(/v/2r) into 
{(Vv/2r) g(V2v R). As a result, to every term in which R™ r'*+4-™ appears 
there corresponds another term which has the same angular part and contains 
rm Rith—™ os a factor. When the angular and R-integrations are performed 
these two terms give in the r-integration the integrals I Rthon and J, with the 
same factors. Therefore only the combination (I,, +I 1 +h—m) ®Ppears in the result. 
It should be remembered that there exists only one set of the J, the combinations 
of which form the F, and G, of the various configurations. 


Putting these values in the above formulae we obtain the energy 
levels expressed by the I,: 

ZL a7 
x5 (- 16 (ls +1)+*P (+ 1)— 


5 (-t8 ® (Ip a Me 


Eye = % (—4g (ot 1) + (h+h)— 


255 

_ 2 
157 

é x 2) 
156 
“8” 2) : 


Egy = 
Esyp = 
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From the definition of the J, it is seen that in the short range 
approximation I; < I, (I > 0) (because for / > 0, R, vanishes at 
the origin), and in the long range limit all the I, are equal. 


This property of the J, makes our method useful for approxima- 
tions in the short range limit. In the first approximation only the 
coefficient of J, should be calculated (use is made of this fact in 
§ 15). On the other hand the Slater method can serve as an ap- 
proximation in the long range limit. Near this limit F* < F°(k > 0), 
so that the first approximation is given by F°. From this point of 
view these two methods are complementary, and hence it is natural 
to work with the J, in nuclear spectroscopy where there are good 
reasons to believe that the short range approximation is justified. 


We have mentioned before that the cross-over should depend not 
only on the range of the potential but also strongly on its form. 
A flat potential like a square well or the Gaussian potential give the 
long range limit as its range tends to infinity, but a potential which 
is singular at the origin does not yield the long range limit even if 
its range tends to infinity (the important parts of the potential are 
in the neighbourhood of the origin). The J, (! > 0), though they are 
no longer zero, do not approach the value of I, (alternatively the 
- F*, k > 0, are smaller than F® but do not tend to zero). As far as 
the order of the levels is considered, such potentials represent an 
intermediate case between the two limits. 

We shall compare potentials in which the range parameter ap- 
pears in the same manner but their forms are different, namely: 


(a) the Gaussian potential V e-”’”’ which for ry > co gives the long 
range limit (this potential was used by Kurats‘)) ; 


(b) the potential V e-’”' /r/ry which gives in the limit ry > oo the 
Coulomb potential, and, 


(c) the potential V e~”’"’/r?/r* which is still more singular at the 
origin. 

Although the difference in behaviour was already noted5), we 
discuss it again as we shall use here the same wave-functions for all 
of them. The J, corresponding to these potentials are calculated 
to be: 


fo <] co e + . 2 
(a) I,= Nf f[ e-** V(r) r2+2 dr = N? V [e (° . )* p2l+3 dr — 
0 


0 


=V(z55)" 
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= & -(v+ r? 
(b) Th= Nj [ev V(r) r88dr = NPV ry | r2tel dp 
0 0 
2 
_Vi nl! 22 “ ea yx n2 
2a 


1 
- oj are r2 
(c) Th= Nj [e-** V() r28dr = NEVE fe (+58) at dy a 
0 


1+? ay Vv vit t 


0 
2 Az \l+4 
= Vi srr (ee): 

A is defined by A = ry 7; it is the ratio of the potential range to 
1//» which determines the extension of the wave-function. If 2 
tends to infinity it may be seen that I, of the Gaussian potential are 
all equal, while in the limit 2 + oo for the case (b) (which gives the 
Coulomb potential), J; is proportional ton? |!; and in case (c) I, is 
proportional to 2/21 + 1. 

The cross over of the levels J = 5/2 and J = 3/2 occurs where 
the I fulfil the equation: 


27 (Ip + 14) — 36 (1, +15) +21, =0. (13) 


Relative to the value of J, the values of the J in the three cases are: 
Az \l 
I, ~ ( 1+22 ) 
2 
ny Al gs x2 
1, ~ (a) 


I 1 22 \l 
1™~ OT+1 (=o) 


Using these relations we find that the cross over occurs in case (a) 
at the value A = 1-326, whereas in case (b) it occurs only at A = 4-34. 
The effect of the form of the potential appears more pronounced 
in case (c); in this case no cross-over occurs as A varies from zero 
to infinity. [For the left hand side of (13) for A = 0 is positive, 
and it remains so even when the J, attain their maximum value 
~1/(21+4+ 1).] 

This strong dependence on the form shows that for such problems 
it is not enough to consider the range only. Potentials of different 
forms which may be adjusted to fit some condition will not usually 
give here the same results. 

In the preceding section we discussed the effect of the form of 
the potential on the order of the levels and the place of the cross- 


and 
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over, using the same wave-functions; we shall now give the results 
for the Yukawa potential using harmonic oscillator wave-functions 
and compare them to those obtained with the Coulomb field wave- 
functions), 

For the Yukawa potential, V(r) = Ve-”"/rjry, the I, are calcu- 
lated as follows: 

= NN? [ V(r) e-”” 1243 dr = N? Vr nari = 

0 0 
ta Vo ge 
“a a [' 


where €=)vr and A=//v ry. We introduce the constant u=1/2A 
and « = & + yw, and obtain: 


co 


— ; e-7'( _ 21+1 
i= Svat fre mtras. 
7) 


This gives for the integrals which we need: 


u) (1—(n)) e| 
i : pit ; ut) x 


x (1— O(n) e"| 


(1+ Sut+3 gett 5 HS) - 


—2n (ig +pett gett ee')(I-e (u))e*| 


325 


=P, lye | (1+ Sout +- 


~ 315 


ao x 


20 (jog +g at + we St dnl (1-0 (u))e" 


@ is the error function 


@ (2) # [efdt. 
yx é 
These values of I, for various values of u were substituted into 
formulae (12), (13) to give the level spacings corresponding to each mu. 
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The cross-over of the levels J = 5/2 and J = 8/2 occurs at a value 
A =9, i.e. for ro/r; = 9 Y2 ~13 where r, = /2>y is the parameter 
appearing in the wave function of a single d-nucleon. This should 
be compared to the value r,/r; ~ 10, obtained with the use of the 
Coulomb field wave-functions, where r appears in these functions 
in the exponent: R,(r) = N, r+! e-"/", 

It is interesting to see that the results are essentially the same, 


thus supporting the opinion that the exact form of the wave-func- 
tion is not very important. 


The results of this paragraph show that the appearence of the 
spin 3/2 in the ground state of Na? is unlikely to be due only to the 
effect of Majorana forces, as the value of A which should then be 
assumed is too big, especially if we assume that the potential is a 
“deep hole” potential, such as that of Yuxawa, rather that a 
flat one. 


§ 7. The configuration (fz.)%. 


This configuration [and equivalently (f7/2)5] has six states with 
spins J = 15/2, 11/2, 9/2, 7/2, 5/2, 3/2. For Majorana forces in the 
short range approximation the state with J = 7/2 is the ground 
state, and in the long range limit the state with J = 3/2 is the 
lowest; above it lies J = 5/2 and the state with J = 7/2 is next to 
it.. The cross-over of these three states was found by Kuratu*) who 
used a Gaussian potential. We shall in the following discuss this 
configuration using also other forms of the potential. 


The matrix elements of the Majorana interaction in the (j;, 72, 
m;,, m;) scheme were found in the way described in §12. The 
integrals J(m,, m,; mg, m4) were calculated in terms of the Slater 
parameters F’, by the usual method. As there are no two states with 
equal J in this case the sum method was used to obtain the energies 
of the various states with the following results: 


E jg. = — 90 F, + 2700 F, + 7020 F, + 7974 Fe 
Ey = — 62 Fy + 1580 F, + 2786 F, + 42802 F, 
Ey = —51 Fy +425 F, + 6201 F, + 82765 F, 
Ex. = —42 Fy + 1610 F, + 6980 F, + 82082 F, 
Ey. = — 95 F, + 665 F, — 2588 F, + 80717 F, 
Ey. = —80F, — 660 F, + 4752 F, + 50622 F, 
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The F’, in the above expressions are defined by: 


0 
Rae 


=a 


F? F‘ 5? Fs 
Poop? Pe=geape: | P%o= gaqeiige: 


Using the method described above, these F* are expressed in the 
terms of I, as is given in the following formulae: 


F¢ = OT (Io + Ie) —6 (I, + Is) + 15 (Iq+ 14) — 20 J] 


Ft = 27 [18 (Io + Ig) — 84 (Ly + Is) +19(Ip + 1s) +4 Is] 


Ft = ay (148 (Ip + Ig) — 66 (I, + Is) —15 (I, + I,) —124 I,)] 


Fe = [429 (Ip + Ig) + 198 (I, + 15) + 887 (Ip + Jy) +212 Jy]. 


Taking the Gaussian potential we obtain the following results 
which are in agreement with those of Kurarnu: for A < 1-27 the 
lowest state is J = 7/2; at A = 1-27 the level with J = 5/2 becomes 
the ground level and is the lowest one in the region 1-27 < 4 <1-35; 
for A > 1-35 the J = 3/2 state is the ground state. Thus there is a 
region where the ground state has the spin 5/2. The configuration 
(fz2)" 18 predicted by the shell model for all nuclei having N or Z 
(neutron or proton number) between 20 and 28. The only odd-even 
nuclei in this region, of which the spins have been measured are the 
following odd-proton nuclei: .,Sc45 and ,,Co5® have the spin 7/2 
as required by the shell model, .,V* has also the spin 7/2 whereas 
osMn55 has the spin 5/2. It was suggested!) that the ground state 
of the last nucleus is a J = 5/2 state of the (f)5 configuration. 
Kurats#?‘) tries to explain the occurrence of the 5/2 ground state by 
suggesting that r, of the nuclear forces and r, of the nucleon orbit 
satisfy 1-27<4<1-35. Even for the Gaussian potential such a value 
of ry is too big if one determines r, roughly from the nuclear radius, 
but a more serious objection is raised if we consider potentials which 
are singular at the origin. Taking the potential V(r) = Ve" /rjrg 
we find that for A < 3-3 the ground state is J = 7/2, atA=33a 
cross-over of this with the J = 3/2 level occurs and for A > 3-3 the 
ground state is J = 3/2. The level J = 5/2 crosses the level J = 7/2 
only at A = 9-5 where J = 3/2 is already lower. We see that here 
the use of a ~1/r potential not only shifted the points of cross- 
over but changes completely the situation: there is no more any 
region of A where J = 5/2 is the ground state. As far as scattering 
experiments are concerned, there is no indica‘ion that the Gaussian 
potential is better than the Yukawa potential. If one considers it 
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just as a model the above calculations show that the results depend 
strongly on the model used and it is a little bit early to draw from 
them any physical conclusions. We must conclude that it is not 
likely that the effect of Majorana forces can alone explain the ap- 
pearance of the 5/2 ground state of Mn®®, 


§ 8. The configuration (gy)2)°. 


This is the simplest configuration 7” in which two states with the 
same J appear. The states of the (99/2) configuration are: two states 
with J = 9/2 and eight more states with J = 21/2, 17/2, 15/2, 13/2, 
11/2, 7/2, 5/2, and 3/2. The sum method cannot give the term values 
of the two J = 9/2 states but only their sum. The separation of 
these energies can be done by diagonalization of the energy matrix, 
but with the elaborate methods of Racaun!?) this becomes much 
easier. One can define two states with J = 9/2, one with the Senior- 
ity v = 1 and the other with v = 3. As the interaction energy does 
not commute with the Seniority operator, there is a non-vanishing 
matrix element connecting these states and the energies of the 
ground J = 9/2 and of the excited J = 9/2 states can be found by 
diagonalization of the two-rowed matrix. 

The energy levels with J + 9/2 and J = 9/2, v = 1, J = 9/2, v=3 
as well as the matrix element V connecting the last two states were 
calculated by Racau*! in terms of the Slater’s F;. We write here 
down only the results for J < 9/2 as the other levels lie above these 
and are of less physical interest. 





Type of force 
Wigner forces Majorana forces 
factors of factors of 
F,| Fa | Fo | Fs | Fo | Pe FP, F, F, 





J=9/2 v=1 33| 1287| 429 | 2431/- 8/9 | 407/14 |24453/14| 1144 |24739/18 
J=9/2 v=3| 3 |-43|/- 93/-163 |-3417|- 8/9 | 75/14| 3153/14/1014 | 7879/18 
v/V/429 -1] 105/- 31 51] 0 1/2 |- 105/2| 31/2|- 51/2 
J=7/2 56|-1488|-595 |-2295|- 7/9 | 100/7 | 3336/7 | 542 |12379/9 
J=5/2 962|-728 |-2652|-56/81| 613/63 |-4693/7 | 5629/9| 69992/81 
J=3/2 —24|-1488) 417 |-4947|-17/27 |-284/21 | 4272/7 | 2518/3|15089/27 









































The F’, are defined by: 


4F? 


P= 3a 


F4 16 F¢ 72 F* 
F, Fase, Fem 


™~ 71? 13?’ ~ 3211? 13? ’ SF* 35" 17? © 
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The two states with J = 9/2 are given by the solutions of the 
secular equation as follows: 


Ej9= 5 (Eby + Eig) — 5 [(Ebjp — Ei)? + 4 V2 


7, 1 7 P 1 7 
E% y= (Eky + ER) +5 ( (Ekg — Eig)? + 4 V2}2, 


If one examines the values given above it appears that | V| is small 
in comparison to | E42 — Ej.| (it vanishes both inthe short range 
and the long range limits where v = 1 and v = 8 are exactly the 
ground and excited states with J = 9/2). Therefore it is sufficient 
to take only the first term of the expansion in powers of V/| Egjo- Eo | 
(which is the second approximation of perturbation theory). This 
gives: 
in B+ “a 
}&,-& E}j.—E 3, 
» , 
ei = E},-——— 
eo Ey a Ey. — Ey) 


E82 = Ep. — 


sal 


ES2 = Ey 2+ - 


The (99/2) >" configurations are of a special interest, since it was 
observed by GoLDHABER and SunyAr??) that in nuclei which have 
such a configuration according to the shell model there is a state 
with spin 7/2 and even parity. This state, 7/2+, lies in a few cases 
under the level J = 9/2 which is usually observed in these nuclei 
(and described as gg according to the shell model) and above it 
in the other cases. An assignment 97 for this level is in contrast 
with the shell model as this state (of the single nucleon) should lie 
1-2 MeV above the go). state (because of the strong spin-orbit inter- 
action). GOLDHABER and SunyYAR?*) assume therefore that this state 
is the J = 7/2 state of the (g9/2)" configuration. 


The general method described in § 5 was used to obtain the F* 
expressed in terms of the J,; the results are: 


2431 
Fe = te (lo + Le) — 8 (Ly + Ly) + 28 (Ip + I) — 


— 56(Is + I;) +70 I,] 


F6 = 2 [17 (Ip + Ig) — 76 (I, + Jy) + 116 (I, + 14) - 
— 52 (I + 1;) —10 J] 


143 


F4 = 355 [255 (Ip + Is) — 480 (I, + I;) + 68 (Ip + Ie) — 


— 82 (I, + I;) + 878 I] 
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F? = —14 [1105 (Ip + Ig) — 260 (I, + I;) + 52 (Jy + Ie) — 


1612 


[12155 (I, + Is) + 5720 (I, + I,) + 10868 (I, + I,) + 
+ 6248 (I; + I;) + 10658 I,]. 


With the help of these formulae we calculated the order of the 
levels, for Wigner and Majorana forces with the potential V(r) 
=Ve-"" / r/ro. As is seen in the table above, the coefficient of F, in 
the case of Wigner forces, is larger for the state J = 7/2 than for 
the other states. Therefore in the long range approximation this is 
the lowest state up to the long range limit where all the levels 
coincide. As the potential used does not yield this limit, the resulting 
order of the levels is: 9/2%, 7/2, 5/2, 3/2, 9/2¢. The spacing of the 
levels 9/29 and 7/2 is, for A < 1-5, smaller by a factor ~ 4 than the 
distance between the 9/29 and the 5/2 levels. For Majorana forces 
with the same potential the lowest state is 9/29 up to A = 3-2 where 
a cross-over of this level occurs with the J = 8/2 level, which is the 
ground level for 2 > 3-2. The 7/2 level does not cross the 9/2° for 
any A. When a potential of the form (1 + P,) V(r)/2 is used (equal 
Wigner and Majorana forces), the situation is like that in the case 
of Wigner forces, except that the levels 9/2% and 7/2 are not so close. 
Also for the Gaussian potential V(r) = V e-**"* there is in the case 
of Majorana forces no region of A in which the ground state has 
J = 7/2. 

The question of the relative spacings of the other levels J = 5/2 
and J = 8/2 is critical in this case because they should be found 
experimentally if they are not much higher. In order to clarify this 
point, we shall refer to an interesting case discussed by GOLDHABER 
and SunyAR?), ;,Kr®® has an even number of protons and 47 neu- 
trons which are equivalent to three holes in the gg. sub-shell. The 
spin of the ground state is measured to be 9/2. The isomeric transi- 
tion is from a pj), state not to the ground state but to a low lying 
7/2+ state, 9 keV above the ground 9/2 state. The distance between 
the levels pj). and 7/2+ is 32-2 keV. If a state with J = 5/2 or 
J = 3/2 were lying in this spacing, not too close to the upper state, 
a transition to it would have been preferred upon the observed 
transition. 

It is interesting that the 7/2 state is close to the ground state also © 
for small 4, so that perturbations from other configurations or tensor 
forces and other non-central interactions may bring it still lower. 
This question, however, should be considered in more detail. 


1 


Kins 
sila 80640 
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Ill. Mutual Spin-Orbit Interactions. 


§ 9. Matrix elements of the mutual spin-orbit interaction. 


It is well known that neither the Thomas interaction nor the 
magnetic spin-orbit interaction are big enough to account for the 
wide separation between the states 7 =1+ 1/2 and 7 =1—1/2 
of an odd nucleon as required by Mayer’s shell model. Cask and 
Pais*) introduced in a phenomenological way a strong spin-orbit 
interaction, in order to preserve charge symmetry of the nuclear 
forces in analyzing high energy nucleon-nucleon scattering. They 
also made a very rough estimation and found that this interaction 
could give a doublet splitting of the right order of magnitude neces- 
sary for the shell model. . 

Although there is not yet a conclusive evidence for the existence 
of such a strong spin-orbit interaction, it is interesting to calculate 
the effects of such an interaction in cases of a single nucleon outside 
closed shells. 

The spin-orbit interaction of Case and Pais was assumed to be 
of the form: a 

Via= V(\7, — 7 |) (8 + 8, Lys) (17) 
where § and $@) are the spins of the two interacting nucleons, and 


=> 


Ly, is their relative angular momentum 
h Ly = (P,— Py) X (72-7) - 
It is immediately seen why it is extremely difficult to use here the 


Slater method. Such interactions were generally treated®) with the 
simplification of summation over all nucleons but one, so that 


> V(\rs— 73) | (8 + §™, [; 1) became V(r,) (§, L;) (in the case 
ofan odd number of nucleons). 

Using the method described above the solution of the problem 
becomes very simple, as De is exactly the A introduced before. To 
obtain the matrix elements, the operator ($+, L,,) is applied 
to a wave-function yz,(R) ya,(T); this yields a sum of functions of 
the same type. When we multiply this sum by another wave-func- 
tion yp 1,(R) ya,(T) and integrate (the integration on the R-coordinate 
can be immediately done) we obtain the result as a sum of the 
integrals I, [of course, J, will not appear as A y?,(7) vanishes]. 


In order to calculate the matrix elements of (17) it is more con- 
venient not to work with the A, and A, components of a vector, 
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but instead with the combinations 4, = A, +1 A,. With this nota- 
tion (17) can be written in the form: 


Vir) (6 +5) AL + 56D + 5%) A, + (+ 6% A]. (18) 


The wave-functions with definite n,,1, and n,, 1, in the (m,, m,)- 
scheme are: 


(mj, m=) = (my, mg) 4 (+ > %) b(+ =|) in 


= y™ (ry) y™ (Tr) 6 (+ > 0;) é (+5 02) 


where o, and o, are the spin coordinates of the nucleons 1 and 2. 
The operators s,, s_, and s,, when applied on these functions, give, 
as is well known: 


s, 6(m,|a) = (5- m.) 6(—m,|o) 
s_6(m,|c) = (5 +m,) d(—m,|o) —_s,6(m,|o) = m, 6(m,|o) . 
The corresponding equations for a general L are: 
L, y= (l= mt lim+i)tytt!  L,yt=myr. 
As (17) is linear in s" and §®, the only non-vanishing matrix ele- 


ments are those which connect states differing at most in one of 
the spin eigenvalues. As an example we calculate 


Imi, mz) = Sf [ (my, my)* 8(5 01) 8(-F 00) Pastas) x 


Oy, Op 


x 6(5/%)8(-5 02) d°r, d* ry = 


=X | (my may 8(z| 0) 3(— 3) 2) V0) (5 — 3) 


x Aatmy ma) 8 (Lo 01) 6(y 42) 427, dr, = 0 
J(m*, mz) = = [ [Vo ) (m,, ma)* A, (m,, ms) d? 7, d3 7, 
3 [Ve (omg, m3) A, (my m3) 42 r, dr, 


J(m>, mz) aa i [Veo ) (my, My)* A, (my, mg) d? 7, d* r, 





K(m;,mz) = — [ [ V(r) (my, 1g)* A, (mq, m,) dr, d? rq. 
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These matrix elements will be used later on. If there is a difference 
in one of the spin values, A, and A_ may appear; for example: 


Xf [mts ms) * V,.(m=, my) d* 1, d* 7, = 


-/ fre r) (m,, M.) * oA, (m,, Mz) d? r, d? rg . 


§ 10. Doublet splitting for a nucleon outside closed shells. 


We shall have to calculate matrix elements of 18) in the (m,, m,)- 
scheme and make applications for the doublet splitting for a nucleon 
outside closed shells (the effect of this interaction on the energy 
levels of Li’ will be treated later). If the doublet splitting in such a 
case is large compared to the interaction energy between two 
nucleons in this unfilled shell, the 77-coupling scheme would result. 

We start from the (m,, m,)-scheme and use the sum method to 
obtain the energies of the doublet components. We use the fact that 
M, (as well as J) is an integral, and also the Landé interval rule 
which holds for these interactions. This rule states that the energy 
of the state 75*'L, is equal to 


t(S, L) ——— 





The expansion of the wave-functions (7), (8) in terms of the wave- 
functions y,(R) y,() is easily calculated by the method described 
above. The results we need are given in the Appendix. We treat the 
following cases: 

A. A single p-nucleon outside the closed s-shell. 

The wave-functions are (m+; 0+0-; 0+0-) where the last two 
quantum numbers refer to two s-protons, the other two to two 
s-neutrons and the m= refers to the odd p-nucleon. When computing 
the diagonal matrix elements which belong to these functions we 
see that the only non-vanishing contributions come from the ps- 
terms. These are exchange terms if the two nucleons have the same 
charge, and ordinary terms otherwise. The matrix elements were 
calculated with the help of formulae (19). For example: 


J (+ 1+, 0+) —K(+ 1+, 0*) . ae (1, 0)* A, (1, 0) d?r, d3r, = 
= [ [7 y0(R)*A, yi"(r) yQ(R) d*r a? R = 
= [Vir) vt (r)* A, vir) dr = 
fia V(r) ve (r)* vet) @r= 4+ Ty 
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and similar calculations for other matrix elements. The results for 
the ps-diagonal elements are: 


H£14,0)—K(t14 09-41, J(4140)=-441, 
J (0+, 0+) = K(0+, 0+) =0 
I(£1-,0-)—K(41-,0) =F J(+1-0)=F41, 
J(0-, 0-) = K(0-, 0-) = 0. 


With these results we build the following table: 





ps diagonal matrix elements | Sum of the 
ordinary exchange energies 





M J Wave-functions 





(1+; 0+ 0-; 0+ O-) (1*, O*) (1*, OF) 


(0+; 0+ 0-; OF 0-) (OF, OF) (0+, OF) 
(1-; 0+ 0-; OF 0-) (1-, 0-) (1-, O-) 


























As M, is an integral the following equations can be written: 
3 
E (? P52) we I, 
3 
E (? Py) ? E(?P,2) ears shi 


from which it follows: 


3 
E (? Py)0) moo I, 


EC?P pp) =—3 i, 
in accordance with the interval rule. The splitting is accordingly: 


9 
4E == 1. 


B. A hole in the p-shell and a closed s-shell. 


The relevant pp-matrix elements are calculated to be: 


J(+1+,0+)—K(414,0) =45h 
J(0+, 0+) — K(0+, 0*) = 0 = J (41+, #14) —K(+1+, F1). 
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For the configuration s*p* the corresponding table is: 





Sum of the 
energies 


ps ordinary|ps exchangelpp exchange| ps pp 


: Diagonal matrix elements 
Wave-functions a8 











(1+, OF) | (1+, OF) | (1+, OF) 

(1+, 1-, -1+, O+,0-;| (17, O-) | (1-,0-) | (1, 0-) | -37, |-42,| -2h 

0+0-; 0+0-) : . 
(-1*, OF) |(-1*, OF) |(-1+, OF) 
































From this table we obtain E(?P3).) = — 2 I,, and with the help 
of the interval rule E(?P,).) = 41,. The doublet is inverted and 
the splitting is: 

ME =61],. 

C. A single p-proton outside a closed s-shell and a closed neutron 
p-shell. 

The additional matrix elements for this case are (ordinary): 


J(l+,i+)=1, Jit, 0)=++ fh, J(0+, 0+) =J(1+,—14) =0 


from which we obtain: 





pp (ordinary) f ‘ 
M,; Wave-functions diagonal a 


elements pp | ps 














(1+; 1+, 1-,0+,0-,-1*, (1+ i*) (1+ 0*) 4 I,+ ‘1, 3 i, 
-1-; 0+, 0-; 0+ 0-) : 























This table gives 
E(*P,,) =—1,+ +h, 
and 
E(?Pi) = —> 
Hence the splitting is: 
21 


AE = —I, + 


15 
z I 


“43 
D. A single d-nucleon outside the closed s- and p-shells. 
The relevant matrix elements are: 
ds 
J(2+,0*)—K(+,0)=1, J (2,0) = Lh toh 
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dp 


with the help of which we obtain: 





diagonal matrix elements sum of 
Wave-functions ds dp energies 


ord. | exch. | ord. | exch. ds dp 














(2+; 1+, 1-, OF, O-, (2+,0*)|(2+,0*)|(2+,1+) |(2+,1*) 
-1t, -1-; 1+,1-, 
Ot, O-, -1+, -1-; 
0+, 0-; O+0-) 

(2+,0+) |(2+,0+) 3 I 91h-VM, 15 


4 
2 
et aHerrh] +H | Het 



































Therefore 
15 
E(?Ds)) == i+ 


21 
— I;, E(?D3)9) eer 


45 


63 
= I 


I,- “7 

and the splitting is: 

105, 
8 


75 
AE= . + 


I,. 
We thus see that: 


for p-nucleon interacting with the 4 s-nucleons, the splitting is 


9 
2 I; 
for p-proton interacting with the 4 s-nucleons and the 6 p- 


neutrons, the splitting is 
21 15 
qty 


for d-nucleon interacting with the 4 s-nucleons and the 12 p- 
nucleons, the splitting is 


105 


“ 
shtyh. 
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Case and Pais gave in their paper®) an estimated form of the 
potential V(r) to suit the experimental data of the scattering: 


1 de 


zx dz 2 


V(r) = VY 
where x = 1'/Tro. 


The values of ry and V, were given roughly as ry ~ 1,1 x 10-13 cm, 
Vy ~ 24 MeV. Using this potential the J, can be easily calculated. 
The result is: 


For this value of ry and reasonable value of Vy» the I,, 1 > 2, are 
much smaller than J,. The integral is very sensitive to the value 
of wu (and for a fixed value of r>—to the value of /v). Some interest- 
ing values are: 


»=10 12 18 14 2,0 
I, =1,16 0,57 0,40 0,81 0,07 MeV 


We can fix the value of » by determining the nuclear radius in 
terms of it: 


co 
Bt = = Np fete nttar 


0 


21+3 
4y ° 


Using the relation R ~ 1-5 x A! x 10-15 cm we obtain for the cases 
considered : 


A. 4K ~4MeV Cc. JE ~2 MeV D. AE ~3-5 MeV. 


The first case cannot give any information on He or Li5 as there 
are no bound states for these nuclei. It is interesting to see that 
with the parameters roughly determined from the scattering ex- 
periments the order of magnitude of a few MeV may be obtained as 
required by the shell model (although this calculation should not be 
considered more than an estimate). 
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IV. The Low States of Li’. 


§11. The In? nucleus. 


The most striking fact about the Li’ nucleus is the existence of 
only one low lying level, 0-48 MeV above the ground state, and the 
absence of any other level up to a few MeV. The most natural ex- 
planation of such a situation is that of the LS-coupling scheme, 
where the ground state and the first excited level are assumed to be 
the components of a 2P. However, various reactions were believed 
to point out that the excited level has a more complicated character 
and in certain reactions it behaves like a level with a spin 5/2. It was 
therefore suggested by Incu1s’) that the 7j-coupling scheme might 
give the right explanation. In this scheme the ground level of the 
configuration (ps2)% Psp has J = 3/2 and there are four higher 
levels with the spins 1/2, 5/2, 7/2 and another 3/2 (which lies some- 
what higher than the other three). If there are only Wigner forces 
between the nucleons the levels J = 1/2, 5/2, 7/2 coincide, and it 
was assumed by Ineuis that the excited level might be such a com- 
pound one. However, even a rough coincidence did not result from 
his calculations and the situation became still worse when Majorana 
forces were included too**). There exists, however, another possibil- 
ity, that such a coincidence of the first excited levels would result 
from the effect of non-central forces, such as tensor forces, and hence 
in the next sections the calculation of the configuration (3/2) % p3/2 p 
is carried out in the extreme 4j-coupling, taking into account tensor 
forces and mutual spin-orbit interactions in addition to the central 
forces. 

Recent experimental results show that the assignment J = 1/2 
to the excited level of Li? is very probable’), and therefore the ex- 
planation could be once again based on the LS-coupling scheme*‘). 
The splitting of the two levels should then arise from the spin-orbit 
interactions. As the Thomas term gives too small a contribution, 
we calculate the splitting due to the Case and Pais interaction. It 
should be mentioned that the lack of other levels below 5 MeV is 
not very well understood in either coupling scheme. Such calcu- 
lations should therefore, not be interpreted as successful explanation 
but only as a preliminary survey of the various possibilities. 


§ 12. The configuration (ps2) P32 p with central forces. 


The energy values of the various states of the 7j-coupling scheme 
can be calculated by the sum method from the diagonal matrix 
elements of the (j,, 72, ™j,, mj,)-scheme, in the same way as in 
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atomic spectroscopy. The wave-function of a single nucleon with 
given n, 1, 7 = 1 + 1/2 and m,; is given by: 


u(nljm,|1) = (21+1)4 [(t-+m,+2)bu (mdm, —+ 1)3(|21) + 


+(l— m+ 5) u (nim, +5|1) 3(—FIe)| (20) 


(the phases are fixed according to Conpon and SHortLEy?®)), or 
briefly : 

z 1 1 1 1 
u(nljm,|1) =fu(nim, - =) 6(s|o)+ gu (nlm; + =|) 6(- 7 0;) ; 
For | = 1 and 7 = 3/2 the f and g are: 





3 ae 
2 2 


V 2 

3 
F <e 

9 : Vs V . 

We define the integral J and the exchange integral K of the inter- 

action by: 

(m1 jms, n'U' 5’ m,’) = Sf [we(m Lj msl) w¥(n' Uj*m,'|2) x 


0, oO, © 


xV,ou (nl jms|1) w(n’U 7’ m;'|2) d37, dr, 





























K (nljm,,n' Uj’ m;) = SP | [ u* nl jmj|t) w*(n' Vj’ m;’|2)x 


G; 





x Vu (n 17 m,;|2) w(n'l’ 7 m,;'|1) d?r, d®r,. 


Exchange operators can be defined for the various central inter- 
actions in terms of the spin-exchange operator P, and the space- 
exchange operator P,. 





Type of force 





WIGNER 
(ordinary) 


HEISENBERG 


(char. exch.) BaRTLET 


MaJoRANA 





1 P, -P, Ps Ps 




















When the summation over the spin coordinates is carried out there 
remains a sum of integrals on space coordinates only, the coefficients 
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of which are products of f, g (of m,), and of f’, g’ (of m,). For ordinary 
(Wigner) interaction we obtain (the common n, |, and j were dropped 
out) : 
, ’ 1 fare 1 ~ on ) 
J (m;,m;’) =f? f 2J(m;—s, Ms —Zs M—sz Ms —5)+ 
’ 1 ’ 1 1 ’ 1 
+ f*g 2 (m; 3s» ™; +33 M;3—s» Ms +3) + 
1 1 
eer a 


’ 1 ’ 1 <a ’ 1 
+ 2g’? J (m, +>, m; Hz Ms tM; +3) 


+ f'2g?J (m, +5, m, ‘ mj ——)+ 


’ ’ 1 i 1 1 
K (m;, m;’) = f?f 2J(m;—s, m;—= ;m;'—=, m,—-)+ 


, ’ 1 ’ 1 ? 1 1 
+26 f gg I(ms—z, ms + x5 my — 31m +5)+ 





U 1 , 1 , 1 1 
+ gg? JI (m; +5, m, +5 im’, +>,m, +5) 


where J are the integrals on space coordinates defined by: 


J (my, My; Mz, M4) = 
J [V) we (omg|1) te (mg|2) w (mg|1) u (mg|2) dr, dry (28) 


some of them are the integrals encountered with among the matrix 
elements in the (m,, m,’)-scheme, e.g. 


J (my, Mg; My, My) = J (my, Mg) 
J (my, Mz; Mg, My) = K(m,, ma) . 


It is easy to see that in order to obtain the matrix elements of 
the Majorana interaction, which is spin-independent in the above 
representation, we must take the same coefficients as in (22) and 
only multiply V(r) in (23) by the operator P,. This results in a 
change in the order of the last two quantum numbers in J(m,, mg, 
m3, m4) which thus becomes J(m,, m,, m,, ms). [This therefore 
transforms J(m,, m,) into K(m,, m,) and vice versa. | 


In order to obtain the matrix elements of the Bartlet interaction, 
wé must exchange the spin coordinates in (21). This can be achieved 
by first doing an exchange of both the space and the spin coordi- 
nates and then another space exchange. As a result J? has the same 
coefficients as K” but the last two quantum numbers are exchanged. 
This means: 


J2=K™ and K?=J". 
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The matrix elements of the Heisenberg interaction should be 
related to those of the Wigner interaction in the same way, but for 
a change in sign: 


J#=—K” and K#¥ =— J", 


It is therefore enough to calculate the case of ordinary forces. This 
gives the matrix elements in the (j,, 72, m,,, m;,)-scheme: 


r= 86.9 


3 3 
a” Sl 
+)=F IU, 0) + + I(1, 1) K(3.5 ~) == K(1, 0) 


Te er K(5.- )=7K (1,—1) 
3) = J(1, 1) ($--3)= 
) 


4 1 
)=5 J(0,0) +5 4(1,0)+74(1,1 


t 
0 


K(5.5)=4K(0,0) +24, sik oleae 


4 
2°92 bs 


)=5 400, 0)+2 J(1, 0) + J(0, -1) +4 JUL, -1) 
1 1 
K(5. ~5)=5 Ka, 0) +4 K(0,-1) + 4J(0,0; -1,1). 
The matrix elements in the scheme (m,, m,’), i.e. J(m,, Mz, m3, M4) 
are easily calculated in terms of the J, from the wave-functions of 
the ae ee A 3; they are (for ordinary forces) : 


J; 1) = (1, + 1, J(1, 0) <0 +1) +5], 


1 


K (1,1) =4 (Ip + 12) K(1,0) => 


z 
J(0,0) = J (Ip + Is) — (Ip + 1,) 


1 


3 
v(t I-4 


1 
2 


J(0,0; 1,1) =-2(+ 1) +h. 


K(0,0)=3(I+1,)—+h K(,-1)=F(bt+h)-h 


To pass from a direct to an exchange integral in this scheme the 
integrals I which arise from functions symmetric in the (space) 
coordinates of the two nucleons (those of even A, like Ip, I,, Iy, 
etc.) should be kept unchanged, while those arising from antisym- 
metric functions (odd A, like I,) should be multiplied by —1. In 





222 Igal Talmi. 


terms of these matrix elements the diagonal elements of the (j;, j2, 
m;, m;.)-scheme can be written down. 


In order to calculate the energy levels we write down the matrix 
elements corresponding to the various M, [when writing (m,;,, ;,; 
m;,)—m,;, and m;, are the two neutrons’ quantum numbers and m,, 
is the proton quantum number]. We obtain the following table: 





Diagonal matrix elements 


M,;| States in the (m,, m;,; m;,)-scheme 





WwW 3 
exchange ordinary 





(3,45 3) 


-_ 





(8,-45 $)(345 -4) 





($,-$3 $)($,-454)(4,45-D,-459) 








¥ | ($,-354)(3,.-45 $8, -45-DG 45-8 
(4, -33 4 


| a or orm th Were emt itera 
Cor voles nooo | nooo rofeo | cofeo | nofeo 
~~ o —_ —~ | 


toh vokeo velo | roe poles 














Thus we see that there are 5 independent states, namely those 
with J = 7/2 and J = 5/2, the two with J = 3/2-and the one with 
J = 1/2. The sum method can only give the sum of the two states 
with J = 3/2 but here we can separate the two levels with the help 
of another quantum number—the isotopic spin t. 2 neutrons and 
1 proton have the projection t, = — 1/2 of the isotopic spin T, and 
therefore the states may have either t = 1/2 or t = 3/2. The states 
which have t = 3/2 are also the states of the configuration (ps).)} 
(t, = 3/2). Now (pgjo)$ has only one state—J = 3/2 (+ = 3/2) the 
energy of which can be immediately obtained from an analogous 
table: 





States in the Diagonal matrix elements 


My 
(m;,, ™;,, m;,)-scheme 





exchange ordinary 














$ (3, 4, -3) (3, 4)(3,-H4,-4) | — 














The sum of these energies is the energy of the state J = 8/2, 
t = 8/2. When this energy is subtracted from the energies of the 
two states with J = 3/2, which is obtained from the other table, 
the value of the level J = 3/2, rt = 1/2 is left. 
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Using the values given above for the matrix elements we obtain 
the following values of the energy levels: 





Type of 
Stuns force WIGNER MAJORANA HEISENBERG BARTLET 





§ Sot Le) + 5h | $ Zot Le)- $4, | Rot Le) + $1, | -F(Lot 1.) +41, 
$) Fothth | foth-L | -3otl)t+h| 3 Uoth)+h 
$ Ig+1,+1, 1,+1,-Fl, -$ot+1,)+1, $(Io+12)+§ 1, 
‘$ 
$ 


ll 


Lp terde Jot, ~$1, |-$Uot+4.)+h| $(1,4+7.)- 2, 
(Io +12) —3 Lh] ¢(Zo+ 12) ~ $1, | $ Zot La)-3 1, | -$ (ot Le) +H, 


Se a | 
I 
reo rele olor nei releo 




















The same results expressed in terms of the Slater integrals are: 





Type of * 
force WIGNER MaJORANA HEISENBERG BARTLET 


mM 
~ 
t=) 

o 





3F,-5F, | -§F,+2F, | 3F,-5F, 3F,-2F, 
3F,-3F, F,+7F, -6F, 2F,-4F, 
3F,-3F, ZF + SF, -6F, OF -tF; 
3F,-3F, | -§F,+8F, -6F, LFF, 
3F.+7F, | 4$F,+F, +4F, | $F,-2Fs 


I 


aa a Se 
I 
ro ve neh nol neice 


I 
I 


Sn ite i | 
I] 
voke wes nor wim nko 


























The connection between the J, and the F’, is given by: 


1, +1,=2Fy+2F, Fon jg(lotl) + 5h F, =F° 
or 
1=F,—5F;, Fy = 75 (lot I) — +1, Fy= F?/25 . 


(Only the combinations J, + J, appears, and thus there are only 
two parameters J, + J, and J, replacing Fy and F,,.) 

In the short range limit — I, = 0,1 > 0 (or F? = 5 F,), the results 
for Wigner forces and Majorana forces coincide, because then only 
space-symmetric functions contribute to the energy (the same ap- 
plies for He1seENBERG and Barter, except for a change in sign). 

It is interesting to note that in the long range limit, when all the 
I, are equal (F* = 0, k > 0), the term values of the Heisenberg 
‘interaction vanish for t = 1/2. This fact can be explained in a 
general way. With the help of the isotopic spin tT the Heisenberg 
interaction can be written as: 


7y(i) Zk) 
PY, . nL “t V(r, —F,|). 


i<k 
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if V(|r;—7,|) has a constant value in the region where the wave- 
functions differ from zero, we can put it out of the integral sign 
when calculating the energy, and what remains is the diagonal value 
of the operator ~ [1+4(7, 7) ]/2 belonging to the state consid- 


ered. This value pol be immediately found as follows (it is an eigen- 
value if the total isotopic spin t is a quantum number of the given 
state) : 

1 =bigy => cy 1 pe le = n(n—1) 
nee 8 add ) FO) = Lat 22%, TH) = ann 
+2(t+1) —ne(r +1) =t(t4+1) + - —7n 
d (qi 3 
EP +) =~. 

This is the factor of Fy or Ig when I, = Ig, in any state with given 
n and t. In the above case n = 3 and we obtain: 
3 1 
t= z T = § > t= zo T=0 2 
The coefficients of Fy for Bartlet forces (and 7j-coupling) can be 
evaluated in the same way was used by Racan’*). He evaluated 
the diagonal value of Pm (1 — P**)/2, and therefore, in order to obtain 


the diagonal value of : Pik, the value he obtained should be multi- 


plied by —2 and to it * ie — 1)/4 should be added. The result is: 


m(n—1) ° =nj(j+1)—J (J +1) 
ut: (2141)? 





§ 18. Matrix elements of the Tensor Forces Interaction. 


The interaction energy in the case of tensor forces is: 


CFG, A 1 a pc eos 
Vio= Sie V(r) BP if uh r) si), 3 (2) | V(r) rT =1,—T,. (24) 


It appears also in atomic spectroscopy as the magnetic spin-spin 
interaction. Also here the development in a series of spherical har- 
monics is complicated and would not be practical to work with. The 
tensor forces play an important role in nuclear physics. They have 
been used to explain the quadrupole moment of the Deutron and, 
very extensively, in the analysis of scattering experiments. They 
may also give, in second approximation, a contribution to the doublet 
splitting. 

By our method it is quite a simple matter to obtain matrix 
elements of the interaction (24). It consists, in fact, only of the 
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computation of matrix elements of spherical harmonics with | = 2, 
which can be done generally by the use of the Gaunt formula?®), or 
else by direct integration. The operator S,, of (24) can be written as: 


say T\(se@) 7) 1 say sey — ett) o(2). elt) ol2) (1Losn29- 1 
(3 7Y(3 +368 , 8°) =(st si +s!1) s(2)) 7s o--— -+- 
1 1 3) , , 
+ 8) s® (cos? << ) +> (87? s2)+s s?)sin bcos Be'?+ 
1 ‘ ‘ ; . 1 
+3 (s s® + ss) sin & cos Be"? + Fe s® x 
; ' 1 . 
2 2 (1) o(2) 2 -—2 = 
x sin?  e?'? + Fs!) sy’ sin? & e-?*? = 
8 ‘ 1 
a (1) ¢(2) (1) ¢(2 (1) 9(2) 0 
= Vz [»! os (s 3 + gf) 9 )| Y2) (8 y) — 


1 
_ 1_ (6009 + 5 5) YO(B, g) + 


y15 
1 , ms 
+ Vis (s s@ + ss) YO-D (8, w) + 





1 ; 1 ‘ 7 
+ Vis s) s@) V2 (9, p) + ys gD & YS-%O, ¢) . : 


In order to obtain the matrix elements in the (j;, jg, m;,, m;,)- 
scheme we use the wave-functions A 3. S,. operates on the spin 
coordinates of the two nucleons, with respect to which the sum- 
mation can then be carried out, and what remains is a sum of 
integrals on the r-coordinate with products of f, g, f’, g’ as coef- 
ficients. The angular integration can be easily done and the radial 
integrals can be expressed in terms of the J,. In addition to the 
integrals met with before, there appears also: 


‘i 2 (3 5 
I,10= Na Nay [ V(r) Bal) Ryo(t) ar =|/2 (3 1,-4.1). 
0 


I, does not appear in these sums because S,, contains only spherical 
harmonics of order 2 [as a result of subtracting (s, s)/3]. 

We shall give here the results for the configuration (psj)% Psj2p- 
The exchange integrals K are easily derived from the direct integrals 
J by an exchange of only the space coordinates of the two nucleons 
(multiplication with P,). This means that integrals arising from 
symmetric functions (even A, like I,, Iz 19, etc.) remain unchanged, 
while those which arise from antisymmetric functions (odd A, like I) 
are multiplied by —1. This is a result of the fact that the operator 
Sj, is diagonal with respect to the total spin (of the two nucleons) S, 
and that its eigenvalue for the singlet state (S = 0) is zero. There- 

15 
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fore only that part of the wave-function which is in the triplet 
state contributes to the matrix elements, and that part is sym- 
metrical with respect to the two spin coordinates. Thus instead of 
spin and space exchange, space exchange alone is sufficient to obtain 
the K from the J integral. This is clearly seen in the results: 


1 
— 9561s — 35 sls Ty 0= ~ 80 I, + ate 


; 
— a5 - wi Ie 10= el ' 


19 5 
my aye 2,10 ~ mhtigh 


25 1 


I,- I 


Bt Bot 
60 3368 ~ 810 2,10 ~ im 126° 2 
r 


ile 


1 
—iR6 Ly — 756 12 — 735 i) 10 = woh + og 1 


1 1 
I,- sal a I= — go htgh 


“a5 


1 
@ 21 — see 2 aor 4a0= -gh- ia6/2- 


When treating the tensor forces as a perturbation on the strong 
spin-orbit interaction which gives rise to the jj-coupling scheme, the 
sum method can be used to determine the first’ order contributions 
to the energy levels. This is done in the same manner as in the case 
of central forces. We give here the results for an ordinary potential 
and a potential which is multiplied by the operator P, (this simply 
replaces J by K and vice versa). The J; in the following table are 
12 times those defined above, as it is customary to define S,, as 
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8/r2 (6, F) (€®, F) —(E, &) which is 3-4 = 12 times the opera- 
tor Sy. in (24). 





Potential with 


State Ordinary potential space exchange 











$1, ~$4, 
£3,-$4, ~$i,-$%, 
-tht+vcls -22.L4+9;15 
- Se hiths -igne+h, 
$h -t$4 


rele nes refer neler eafos 

















The matrix elements of the mutual spin-orbit interaction (17) can 
be calculated with the help of those in the (m,’, m,)-scheme. The 
wave-functions (20) are used and the matrix elements are the sums 
of matrix elements in the (m;, m,’)-scheme, with coefficients which 
are products of f, g, f’, and g’. Here it is seen, much better than in 
the (m,, m,’)-scheme that the K integrals differ from the J only by 
the sign of the I, arising from space antisymmetric functions. The 
reason for it is the same as in the case of the tensor forces. The 


operator ($4+3®), A) is diagonal with respect to the magnitude 


of the total spin S (S = $“) + $®) and its eigenvalue in the singlet 
state is zero. [In the (m,;, m,’)-scheme this fact manifests itself in 
the vanishing of the matrix elements when ms, = + 1/2 ms, = ¥ 1/2]. 
The results are: 


Ie. 
K(G.g)-n x 
From these matrix elements the first order contributions to the 


energy levels of the configuration (ps)2) } 3/2 p can be calculated with 
the help of the sum method. These contributions are: 





J j = 3 
$1, 
th+$h, | 44+ -4h+h 
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§ 14. Numerical results. 


In order to obtain numerical results we have to evaluate the J,. 
We assume that the potential of the interaction between the nucleons 
has the radial dependence of the Yukawa potential. The general 
formulas for the J, in this case were given in § 6. 

The value of /v, which measures the extension of the wave- 
functions, can be roughly determined from the Li?-Be’? Coulomb 
energy difference. This gives: 1///v ~ 2-4 x 10-13 cm. 

The value of r, of the Yukawa potential can be taken from the ana- 
lysis of scattermg experiments; it is between 1-1 and 1-4 x 10-1%cm. 
This determines roughly 4 ~ 0-5, uw ~1. For 4= 0-5, wu =1 the 
following values are obtained: 


I, = 0-187 V I, = 0-040 V I, = 0-014 V. 


For the tensor forces we take the same radial dependence as for the 
central interactions, with the same results for the J,. 

We shall now show that there are certain values of the interaction 
parameters for which the four excited states (or three of them) 
nearly coincide. Such a possibility can only mean that the inter- 
pretation in terms of the 7j-coupling scheme could have been con- 
sistent with the existence of a low-lying compound level, if this were 
experimentally verified. 





Exchange operator Exchange operator 
State (1+ P,)/2 (1+ P,) (§+ §Po)/2 


V=—— y=3 =< =o y =6 y=8 








0-68 | 1-28 (1-98) | 1-48 (2:18) | 0-68 | 1-88 (2:55) | 2-28 (2-98) 
1-00 | 1-30 (1-80) | 1-40 (1-90) | 1-50 | 2-10 (2-60) | 2-30 (2-80) 
0-88 | 1-26 (1-76) | 1-38 (1-88) | 1-30 | 2-05 (2:55) | 2-30 (2-80) 
0-75 | 1-23 (1-73) | 1-39 (1-89) | 1-10 | 2-06 (2-56) | 2-38 (2-88) 
1-38 | 2-34 (2-04) | 2-66 (2-36) | 1-86 | 3-80 (3-50) | 4-40 (4-10) 


a 
I 
role 


refoo to wolon rojas WKS 


a 
I 
i a 





























For the case in which an exchange operator (1 + P,)/2 multiplies 
the potential, the coincidence of the higher levels can be achieved 
by adding a tensor force with an exchange operator —P,. If we 
take the exchange operator of the central forces to be 


TU+P) (Sty h)—9(g¥+gM—gH +z) 


where W, M, H, and B are the exchange operators of the Wigner, 
Majorana, Heisenberg, and Bartlet interactions respectively, a co- 
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incidence can also be attained with the same form of the tensor 
forces. The results are given in the preceding table where the energy 
values are expressed in units of V/7 and V is the constant of the 
Yukawa potential in the case of central forces. The corresponding 
constant for tensor forces is yV. 


If V is equal to 7 MeV the above energies are in units of MeV. 
The spacing between the ground state and the excited (compound) 
level is then of the right order of magnitude but bigger than the 
observed 0-48 MeV. If the contribution of the mutual spin-orbit 
interaction is added, this difference decreases. The term values so 
corrected are given in the above table in parentheses. 


Obviously there are enough parameters to explain the coincidence 
and the level spacing. The above calculation points out that with 
reasonable values of them agreement can be achieved, but as long 
as more exact values of the interaction parameters (magnitude and 
range of the potential, exchange character, etc.) cannot be fixed 
with the help of other experiments, no decisive conclusion can be 
drawn. 


§ 15. Splitting of thé (pi pp)?*P ground state due to 


spin-orbit interaction. 


As already noted the new experiments favour the assignment 
J = 1/2 for the first excited level of Li’. It became also clear that 
the level is quite sharp and there are no other levels in its close 
neighbourhood’). The explanation in terms of the LS-coupling 
scheme seems therefore plausible. There is also some evidence that 
the ground state of Li® is 38, which means that in that nucleus 
LS-coupling exists. The configuration p% pp in the LS-coupling 
scheme was treated by WicNER & FEENBERG?’)?8), and by Hunp??), 
For Wigner and Majorana forces the lowest state is a ?P with 
t = 1/2. According to this the two lowest levels of Li’ should be 
interpreted as the two components of this doublet with J = 3/2 
and J = 1/2. With this interpretation the problem still exists where 
are the other levels of this configuration, specially the next ?/ 
(ct = 1/2) which should not be as high as 5 MeV (for reasonable 
values of the parameters). We shall calculate the splitting of the 
ground ?P, arising from the mutual spin-orbit interaction of the 
type introduced by Cass and Pats, as it is well known that the 
Thomas interaction and the magnetic spin-orbit interaction give 
too small a contribution (a splitting can arise also from tensor 
forces, but only in the second approximation). 
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The energy of the ground ?P is for Wigner and Majorana forces: 
8 Fy)+18F, =~ (p+ 1.) -—S, 


(in the notation of Hunp it is 3 A + 2 B where A = Fy + 4F, and 
B = 3 F,). This energy is not degenerate (some of the energy values 
of higher states are twice and thrice degenerate), and thus it is 
possible to find the wave-function of the ground state by direct 
diagonalization of the energy matrix in the scheme (m,,, m;,; ™,). 
The energy is not degenerate also in the short range limit, so that 
we may calculate the energy matrix in this limit, which makes the 
calculation simpler. 

The wave-function of the ground ?P (or the ground ?*P in the 
notation @'+)@S+07).) in the state M, = 3/2 is a linear combination 
of those wave-functions (mi ; mit; mj) for which 


1 
M,=m,,+m,,+m,,=+ 5 and M,=m,+m,+m,=+1. 


Ms, 


There are 8 such functions [in the notation (m’ 


are the neutrons numbers and 3 is the proton number] and they 
are listed below: 


y, = (1+,—1+;1-) yg = (17, -1431+) sp, = (1-, 0+; 0+) 
pe = (1+, 0+; 0-) ys = (1+,1-;—1+) yg = (0*, 0-; 1+) 
ys = (1+,—1-;1+) — yg = (1+, 0-; 0+) 


‘ mis; m;*) 1 and 2 


With these functions the energy matrix in the short range limit, 
where only J, is different from zero, can be built and the diagonal- 
ization carried out. 


The energy matrix in units of 1/4 I,. 
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The matrix is already reduced and the value of 11/4 J, of the 
energy of the ground ?P is an eigenvalue of the 6-row matrix. The 
corresponding wave-function is a linear combination of the 6 func- 
tions 3, Ya, Ys» Ye» Y2» Ys the coefficients of which are the com- 
ponents of the eigenvector of the 6-row matrix which belongs to 
the eigenvalue 11. The linear equations are easily solved with the 
following results for the coefficients (after normalization to unity): 
—2_(4+, -1-; 14) -—% (1-, 1+; 14) + 

oy se ee 
+g OT 1+) vag"? ; O*) + 

1 


Vis 


The diagonal matrix elements of the mutual spin-orbit interaction 
which belongs to this wave-function can be now calculated with the 
help of the matrix elements in the (m,, m;)-scheme: In order to 
obtain the total splitting this function should be multiplied by the 
wave-functions of the 4 s-nucleons and so the contribution of the 
interaction of the p- with the s-nucleons will be added to the inter- 
action of the 3 p-nucleons themselves. The calculation is per- 
formed in the-same way as in cases B and C above. The results are: 


v(*Bi; M, = 3)= 


1 


viet Ot; 0+) =e 


(0+, O-; 1+). 





Energy of the Energy of the 


‘ ; ; i Total 
sp-interaction pp-interaction a 





1 oe 
; : ts 51;= 51, 

















This is the energy of the state 2*P3): 
E(#B%) =+1+51 
the Landé interval rule yields 
BR, =—1-21 
so that the splitting is: 
AE =3 1, + Iy. 
The integral I, was already calculated with the potential given 


by Cass and Paris. The value of /» can be roughly fixed by the 
determination of the Coulomb energy difference between Li’ and 
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Be’ in terms of it. This gives for the splitting the order of magnitude 
of ~ 1 MeV. The smaller level spacing in Be’ can be explained by 
considering the Coulomb expansion. It is not possible to make more 
exact statements as the value of J, is very sensitive to the values 
of the parameters. Although this should not be considered as an 
exact determination of the energies, it is interesting to see that the 
right order of magnitude is obtained. 


The author would like to express his deep gratitude to Prof. 
W. Pavui, under whose guidance this work has been carried out, 
and also to Prof. M. Verve and Dr. M. R. Scuarrorn for helpful 
discussions. 


APPENDIX. 
Expansion of the wave-functions of two nucleons. 


ss. 
(0, 0) = = yo(R) yo(r) 


ps. 
(+ 1,0), “7 ve ((+ 1,0) + (0, + 1)} = yE(R) yo(r) 
(0, 0). = y}(R) om 
(+ 1,0), “7 va {(+ 1,0) — 0, + 1)} = — vir) ¥B(R) 
(0, 0)a = — vf (r) yp (R) 
pp. 
x (vr (r) — w¥?(r) y$(R)) 
(41,0), = Te (vr"(B) vor) — vF1(r) yo(R)) 
(+1, 0). Fe mae 
(0, 0) “im v9 (r) — yS(r) y9(R)) — 
Se — — Yio(r) yy(R )) 
(+1, £1), 7 sh ) yo(r) — yo(r) yp(R)) + 


(+1, + 


er cat 
(£1, Fl)o= Pe (vi (R) vir) — vi) vi" (R)) 
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ds. 


(m,0), = “5 - (yz (R) ) vo(r ) + Yo 3(r) ) voi R)) 
m = —2,—1,0, 1, 2. 


(+ 2, 0). ae yp; (R) pi (r) 
(+1, Oa (wi"(B) vi(0) + ve) ¥i(R)) 
0, 0)n = Fa- (WIR) ¥i%(0) + vile) vi"(R) 





dp. 
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Only the symmetric functions are listed, the antisymmetric func- 


tions are obtained from them by interchanging R and r. 
er = ’ 
ial cian 
1 ‘ 
(+ 2, 0); = 2 ~ yi?(R) y g(r ) + Oo yi (R) yz" (r) ir 


- "7 yi (R) pF (r) 


?(R) yp (r) ——- yi (RB) yF?(r) 


1 1 
- Y3 y2 
(+2, 1),= at v3 (R) yo(r) — a vi''(R) pio(r) + 

+g Vi CR) le) — Te we) vB) + 


1 = 4 
+3 vr (BR) yz*(r) 


(+ 1,0), sali get 


~ ii 5 vii (R) yo(r) — 7. yi (RB) y3(r) 


(+1, +1),= 


y 
0,41), = 2 vem yor) — 2 ye) ptr) + 


1 1 
+= vir (R) yor) + 5 vi" (RB) ¥2(r) — 


V30 
1 = 9 + 
— —— pf! (R) pF? (r) — — v2 (R) yz" 





_ 
V6 /3 
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1 : 1 
a iB y3(R) yp(r) — Ve y?(R) y>(r) + 


+ y?(R) y9(r) +> vr (R) yh) — 


Vio 
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Beitrage zur Theorie der Richtungskorrelation. 
Kurt Alder, ETH.., Ziirich. 
13. XII. 51. 


1. Einleitung. 


Die verschiedenen Zustiande eines Atomkerns kénnen durch fol- 
gende Gréssen charakterisiert werden: Energie, Lebensdauer, Spin, 
Paritat, magnetisches Moment und elektrisches Quadrupolmoment. 
Im Grundzustand sind die mechanischen, magnetischen oder elek- 
trischen Momente durch die bekannten Methoden (Ausmessung der 
Hyperfeinstruktur) bestimmbar. Die Gesamtenergie des Kerns ist 
aus der massenspektroskopisch oder anderweitig bekannten Bin- 
dungsenergie berechenbar. 

Fiir angeregte, kurzlebige Kernzustiinde versagen die fiir den 
Grundzustand iiblichen Methoden, und es miissen andere Wege be- 
nutzt werden. Die Messung der Energiedifferenz zum*Grundzustand 
und teilweise auch die Messung der Lebensdauer ist direkten Metho- 
den zuginglich. Besonders die Betaspektroskopie ist schon seit lan- 
ger Zeit mit gutem Erfolg verwendet worden. Die Messung der 
Lebensdauer mit Hilfe verzégerter Koinzidenzen wurde dagegen 
erst in den letzten Jahren entwickelt. Die Bestimmung der Spin- 
werte bzw. der Paritatsinderungen kann bis heute dagegen nur auf 
indirektem Wege erfolgen. Zur Ermittlung der Spinwerte und der 
Paritaétsinderungen bedient man sich mit gutem Erfolg der Theorie 
der y-Strahlen. Multipolordnung und Charakter der Strahlung kén- 
nen aus den Konversionskoeffizienten, die jetzt genau berechnet 
vorliegen (Rosr, Spinrap, Gorrtzeu!)), erhalten werden. Die 
Schliisse, die aus der Anwendung der Betatheorie gezogen werden, 
sind dagegen meist nicht eindeutig. Sie gestatten aber oft gewisse 
Falle auszuschliessen. In manchen giinstigen Fallen, besonders bei 
leichten Kernen, kénnen auch Kernreaktionen Angaben iiber Spin 
und Paritat liefern. 

Eine eindeutige Zuordnung von Spin- und Paritaétswerten zu den 
gefundenen Kernzustinden ist jedoch in den wenigsten Fallen még- 
lich. Jede zusitzliche Aussage ist deshalb wertvoll. Die Messung der 
Richtungskorrelation, die in den letzten Jahren zunehmende Be- 
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deutung erlangt hat, vermag oft solche Angaben zu liefern und zwi- 
schen verschiedenen Méglichkeiten eindeutig zu entscheiden. Wenn 
von einem angeregten Kern zwei Teilchen sukzessive ausgesandt 
werden, so hangt die Wahrscheinlichkeit fiir Emissionen von der 
Lage der beiden Richtungen der emittierten Teilchen und der Spin- 
und Multipolzuordnung ab. 

Die erste Theorie der Richtungskorrelation stammt von Hamit- 
TON”). Weitere Rechnungen sind von verschiedenen Autoren durch- 
gefiihrt, so von YANnG') iiber allgemeine gruppentheoretische Eigen- 
schaften, von FaLkorr und Line‘) tiber Interferenzterme bei Mi- 
schungen von verschiedenen Multipolordnungen, von FaLKorr und 
UnenBEcK®) tiber Korrelation beliebiger Teilchen. Wenn von einem 
oder beiden y-Quanten noch die Polarisationsrichtung gemessen 
werden kann, so spricht man von Polarisationskorrelation. Hamit- 
TON, ZINNES u.a.®) haben auch diesen Fall behandelt. 

Die Resultate der verschiedenen Autoren ergeben, dass die rela- 
tive Wahrscheinlichkeit als Polynom in cos?0@ 


W (0) =1+ A, cos? 0+ A, cost @+---+A,, cos?* O 


dargestellt werden kann. @ ist dabei der Winkel zwischen den bei- 
den Emissionsrichtungen. Fiir den héchsten Exponenten 2k gilt 
die Auswahlregel 

k<l,l,, 15; 


wenn |, und /, die Multipolordnungen der beiden Strahlungen und 
I,, den Spin des mittleren Niveaus bedeuten. Bei reinen Strahlungen 
hangen die Konstanten nicht von Kernmatrixelementen ab, sondern 
sind gruppentheoretisch durch Spin und Multipolzuordnung be- 
stimmt. Der Vergleich der gemessenen und berechneten Korrela- 
tionsfunktion W(@) ergibt somit, wie bereits angedeutet, wertvolle 
Hinweise auf Spinwerte und Strahlungscharakter. 

Obwohl die Idee der Messung sehr einfach ist und die Theorie der 
y-y-Korrelation schon seit 1940 durch Hamitton?) bereitgestellt 
war, sind die ersten erfolgreichen und zuverlassigen Messungen doch 
erst nach der Entwicklung des Szintillationszahlers in den Jahren 
1947 und 1948 durchgefiihrt worden. Nach diesen ersten Messungen 
von Brapy und Dreutscu’) wurde die Methode rasch bekannt, und 
heute bildet die y-y-Korrelation ein wertvolles Hilfsmittel fiir die 
Kernspektroskopie®). Dagegen sind Korrelationen, bei denen eines 
oder beide Teilchen Elektronen sind, experimentell viel schwieriger 
zu messen. Dieses Gebiet der Richtungskorrelation besitzt deshalb 
heute noch eine geringe Bedeutung, vermag aber im Prinzip z.B. 
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iiber den Wechselwirkungsansatz in der Fermischen Betatheorie zu 
entscheiden. 

Die Annahme aller bisher zitierten theoretischen Arbeiten ist, dass 
die Lebensdauer des mittleren Niveaus so kurz ist, dass eine Stérung 
des Zustandes nach Emission des ersten Quants nicht méglich ist. 
GoERTZEL®) hat diese Annahme fallengelassen und in sehr allge- 
meiner Weise den Einfluss der Elektronenhiille beriicksichtigt. An- 
derseits sind in einer Reihe von Messungen merkliche Anisotropien 
der Korrelation festgestellt worden, obwohl die Lebensdauer des 
mittleren Niveaus so gross ist, dass éussere Einfliisse sich bemerkbar 
machen kénnten. In diesen Fallen wird die beobachtete Korrelation 
im allgemeinen nicht mit der berechneten iibereinstimmen, so dass 
ein Schluss auf die Spinwerte erschwert oder gar verunméglicht 
wird. Dagegen ist bei anderweitig bekannten Spinwerten die Ab- 
weichung der experimentellen von der theoretischen Korrelation ein 
Mass fiir die Wechselwirkung des Kernes mit der Umgebung (Hyper- 
feinstruktur). Dieser Effekt, der einerseits fiir die Bestimmung der 
, wahren“ Korrelation stérend wirkt, kann umgekehrt zur Bestim- 
mung weiterer Kerneigenschaften verwendet werden. Die Hyper- 
feinstruktur gestattet ja bekanntlich, die verschiedenen Momente 
zu bestimmen. Wichtig und der Rechnung bequem zuginglich ist 
vor allem die Schwachung der Korrelation durch ein aéusseres ma- 
gnetisches Feld. Daraus wird sich spiter die Méglichkeit ergeben, 
das magnetische Moment im kurzlebigen mittleren Zustand zu be- 
stimmen. 

Kehren wir zuriick zur ungestérten Korrelation, die in der oben 
angedeuteten Form geschrieben werden kann. Die Berechnung der 
Koeffizienten A,, fiihrt dann auf ausgedehnte numerische Rech- 
nungen. GARDNER, Racau und Lioyp?®) zeigten jedoch, dass diese 
Rechnungen sich stark vereinfachen, wenn die Korrelationsfunktion 
W(@) nach gruppentheoretisch einfachen und der Geometrie des 
Problems angepassten Funktionen entwickelt wird. Fiir ungestérte 
und unpolarisierte Korrelationen hat man z.B. W(@) nach Kugel- 
funktionen (Legendresche Polynome) zu entwickeln: 


W (6) = D'a, P, (cos 8). 


Die a, lassen sich dann durch geschlossene Formeln ausdriicken. Das 
Ziel der vorliegenden Arbeit ist es, allgemeine Formeln fiir die Kor- 
relation beliebiger Teilchen aufzustellen (inklusive Polarisationskor- 
relation und beliebige Mischung), wobei der Zwischenzustand durch 
aussere Einfliisse gestért werden kann. 





Kurt Alder. 


2. Theorie der Richtungskorrelation. 


Nach Fatkorr und UHLENBECK') schreiben wir fiir die relative 
Wahrscheinlichkeit der Emission der beiden Teilchen 


W (ky ke) = SS & |S (4ilHs (k,)| Bn) (Bm |He (e)| C,)|®, (1) 


wo A,, B,, C, die Wellenfunktionen fiir die entarteten Energie- 


= 


niveaus des Anfangs-, Zwischen- und Endzustandes bedeuten. H,(k,) 
stellt den Energieoperator fiir die Emission des ersten Teilchens in 
die Richtung k, dar. S,, S, sind Mittelungen iiber nicht gemessene 
Spins, Polarisationen, Neutrinorichtungen. 





L, 








Ig 


Wird die Entartung der Energieniveaus im Zwischenzustand 
durch eine aussere Wechselwirkung aufgehoben, so verandert dies 
die Korrelation. GorrtTzEL®) hat diesen Fall behandelt und erhalt 
fiir die relative Wahrscheinlichkeit 


W (ky, he) = 


8, 8,57 Arts ()| Bm) (Brn \Ha (K)| Cp) (Az Hs (Fx) Bm’)* (Brn’ | (&)| Cp)* 


1—8 Winm’ Tt 





. (2) 


l,m, m’ .p 


t ist die Lebensdauer des mittleren Niveaus, Wmm die Energieauf- 
spaltung zwischen den Zustianden B,, und B,,, (dividiert durch 4). 


Fiir die weiteren Uberlegungen nehmen wir an, dass die Kernspins 
der drei Energiezustinde I, , I,, I, sind. Die dazugehérigen magne- 
tischen Quantenzahlen seien M,, M,, Mg. 
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Wir betrachten Funktionen Y,(A;--:)*), die von Gréssen A; 
(Polarisationsgréssen) abhangen sollen und sich bei einer Drehung 
des Koordinatensystems wie folgt transformieren: 


Yiaw( (D A,- = 2) Dna (2 Yim(A;- *). (3) 


D soll die Drehung charakterisieren, die durch die drei Eulerschen 
Winkel «, B, y gegeben ist. D4 ,,(«, 8, y) ist der dazugehérige Dar- 
stellungskoeffizient. 

Fiir die Wechselwirkung fordern wir aus physikalischen Griinden 
Drehinvarianz. Dies fiihrt dann offenbar auf folgenden Ansatz fiir 
den Energieoperator 


les Sa, SV ialX-) ) Yiu(Ae-+), (4) 


wo die X, sich nur auf den Kern und die A; nur auf die emittierten 
Teilchen beziehen sollen. Fiir das Matrixelement (Jm | H| J’m’) folgt 
damit der Ausdruck 


(J m|H| J’ m’) )= La, Sm Yaw (Xe )| I’m’) Yi (Aj--). (5) 


[Jm | Yz 4 (X;°::)| J’m’] kann aus allgemeinen gruppentheoretischen 
Griinden in zwei Faktoren zerlegt werden: 


(Sm |Yy 4 (X;---)| I’m’) =Cir uf J.J’, L, X;--+), (6) 


wo f von den magnetischen Quantenzahlen m, m’, M unabhangig 
ist. Der erste Faktor ist ein Clebsch-Gordon-Koeffizient, der die 
Vektoraddition 


Fe bat m+M=n’ 


vermittelt. Da dieser Koeffizient immer dann verschwindet, wenn 
‘obige Beziehungen nicht erfiillt sind, bleibt mit a,f = a, 


(Jm || J’m’) = Dra Cy rim Yim (A;: . *) a = we (7) 


Dieses Resultat in (2) eingesetzt, ergibt bei einer beliebigen Wahl 
der z-Achse fiir die Korrelationsfunktion 


7 iz I, My M,M 
W (Ky kg) = Diary, a7, “ina a “tM L, u, FL, » (k) 


Ip M,M, (7. 1 
B61, Me LM, CE MeL, M, FL, L, i, (8) 


*) Diese Funktionen sind eine Verallgemeinerung der polarisierten Kugelfunk- 
tionen von FaLkorr und UHLENBECK’). 
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wo seeiticilnaiiin gesetzt ist 
Fit (kt) = S {¥7, a, (Ai ++) Ya,a,(4i7-)}- (9) 


Die F,%" (k) lassen sich noch weiter vereinfachen. Wir fihren eine 
Drehung des Koordinatensystems so aus, dass die Emissionsrich- 
tung in die z-Achse fallt. Die drei Eulerschen Winkel sind dann: 


x= p—2/2, B = B, y beliebig. Es kann y = 0 gesetzt werden. 
Wegen der Transformationseigenschaften der Y;, y, ist 


FM (9, 9) =) Dn, (P— F 9,0) Dm, (P—F 9,0) Crm (10) 
mit 
Cri = Eni (0) = 


= 8 {Y7, re k= i ee 0) ) Yim, (A; k=z, ; diame 0)}. (11) 


Die Formeln (8), ( i (10), (11) gestatten jede beliebige Korrelation 
(inklusive Polarisationen und Mischungen) zu berechnen. Die ein- 
zigen Unbekannten sind die modellabhingigen Kernmatrixelemente 
a,,B,, und die FM)" (0). 

Wir wollen uns vorerst auf den Fall beschrinken, dass keine der 
Polarisationsgréssen A; gemessen werde. S bedeutet dann die Mit- 
telung iiber alle A;. Mitteln wir zunichst iiber alle méglichen Lagen, 


Aus bekannten gruppentheoretischen Relationen der Darstellungskoeffizienten 
[Appendix A (8), (4)] leitet man die folgenden Eigenschaften der F her: 


[rt re ; % d2 = dy, yy, 57, 1,° CONSts Const unabhangig von M, 


2 F TL ‘ (#) unabhangig von #@. 


Diese beiden Satze sind in FaLkorr und UHLENBECK') zitiert. 
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die aus einer speziellen Lage durch Drehung um k um den Winkel y 
entstehen, so fiihrt dies wegen der Transformationseigenschaften 
der Y, auf ein Integral 


22 


J elm — my dy = on Peis (12) 
0 
d.h. es muss 


Fir,” (0) = 8 n,m, Hiri” (0) (13) 


sein. (13) ist aquivalent mit der Bemerkung (HamiLton?), Gorrrt- 
zEL®), Fatkorr und UHLENBECK®), Luoyp™) und Lippmann!?)), 
dass simtliche Interferenzterme verschwinden, wenn die z-Achse in 
die Richtung des einen Quantes gelegt wird. Aus der Herleitung 
geht hervor, dass dieser Satz nicht mehr richtig ist, wenn Polari- 
sationen gemessen werden kénnen. 

(13) sagt weiter aus, dass F;7" nur von Min (Ly, L,) willkiirlichen 
Koeffizienten abhangt. Diese Bemerkung stammt ebenfalls von Fat- 
KOFF und UnLENBECK®S), 

Die Formeln (8), (9), (10), (11) fiir die Richtungskorrelation be- 
hiebiger Teilchen kénnen noch vereinfacht werden. Die Summen 
itiber magnetische Quantenzahlen tragen ja im allgemeinen nur geo- 
metrischen Charakter und es muss daher méglich sein, diese explizit 
auszuwerten. Dies fiihrt auf sogenannte Racah-Koeffizienten, deren 
Definitionen und Beziehungen mit anderen oft gebrauckten gruppen- 
theoretischen Relationen im Appendix zusammengestellt sind. 

Speziell ist nach Appendix A (3), (7) 


Fini," (5 @) 


= Ores. M, ol Lm Diy,—M,.0 (p Sie ; ’ 3, 0) (— 7 ™ LL. (0) . 


m,k gerade (14) 
(14) in (8) eingesetzt ergibt dann 


W (kk) = San" D4, (r,-$,9,,0) D5 ( 2— 92,0), (15) 


*) Dass in (14) nur iiber die geraden k summiert zu werden braucht, folgt aus 
der Erhaltung der Paritat. Es existieren namlich zwei verschiedene Arten von 
Y,y (A;---): solche, die bei einer Spiegelung das Vorzeichen wechseln und solche, 
die invariant bleiben. Da man fiir die Wechselwirkung H ausser der Drehinvarianz 
auch Spiegelungsinvarianz fordern muss, folgt, dass Paritat Y , ,, (X;---) = Paritat 
Yim (A;°° +) Paritaétsanderung des betrachteten Ubergangs ist: Diese Grésse ist 
aber fest, so dass PEM. (k) = S{YF vs, (A;---) YooM, (A;-- )} eine gerade Pari- 
tat besitzt. 


16 
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wo die ai:* sich wie folgt darstellen lassen: 


atte — Thu, T]he, TU THts 


Die drei Faktoren haben die folgende Bedeutung: 
Th 2h +1 Ya, af (—1)4-/8+ 2 WI, 1k, L/L, 1,)x 


LL: 
LSE", EEO, 


= 2k, +1 2 Bn Bs (—1)/e-18* 44 W(1, Tok, L,/Ls 1p) x 
als 


x {"(—1) at a nm En (0)}, 


1 
TTT": *+ = ) CleMp cls oso 
ven 1," BpMpky bu PME kop’ 1-iwpyt 


ky, k, gerade 





3. Allgemeine Eigenschaften der Korrelationsfunktionen. 


Die Formeln (15) sind Entwicklungen von W (k,,k,) in natiir- 
licher Weise nach Darstellungskoeffizienten. Die Auswahlregeln der 
Racah-Koeffizienten (Appendix B) verlangen 


|1,—I,| <Dy.2< |1,+J,| | Io —I,| <L,, oS <I,+T, 
0<2k,<2I, |L, ivelee wey +L} (18) 
0<2k,<2I, < 2k 
Die ersten beiden Ungleichungen sind nichts anderes als der Satz 
von der Erhaltung des Drehimpulses. 
Ist wget <1, d.h. die Stérung des mittleren Niveaus klein, so 


ergibt sich eine weitere Vereinfachung. 
Es ist némlich 


. Ren. y Crag I, M, 7. 2Ip+1 


also 
W (k, k,) ia 


If. II* Di, o(¢ Pi a ae 


SETI 
-£ orate Il Dio (¢,— F 9,0) D§,. (0, 8s, —%2)- 
(20) 
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Die Summe iiber w kann aus der Gruppeneigenschaft der Raum- 
drehungen leicht bestimmt werden. 

Es seien ®, O, Y die Eulerschen Winkel der zusammengesetzten 
Drehung ST mit 


T={9.—$-91,0}, 


[ — 
S = 19; a5, g — Paj- 
Die Bedeutung des Winkels @ lasst sich durch eine kleine Rechnung 
leicht erhalten. Es ist O = < (k bs Ie). 


Aus 
2 Prin) Pen val) = al Hy (S T) (21) 
ergibt sich also 


W (kk) = 3) appz lI Djo(®, 0, ¥) = 
gerade 
= ah iar = 


k gerade 2k+1 


-> srt I*. II P,(cos @) = Ya, P, (cos @). (22) 
k gerade k gerade 


Die Korrelationsfunktion ist speziell von der Lage der z-Achse un- 
abhangig. Sie ist ee Summe von Potenzen in cos?@. Der hichste 
Exponent ist nach den Auswahlregeln (18) durch 


Min {2 I,, Max (L, + L,), Max (L,+L,)} 


begrenzt. Ist dagegen die Stérung wrt nicht mehr vernachlissigbar, 
so hat man mit den allgemeinen Formeln (17) zu rechnen. Diese 
kénnen aber wie folgt interpretiert werden: 
Wir entwickeln die ungestérte Korrelationsfunktion nach Kugel- 
funktionen 
— <> 1 ~— a > 
W (k;, ka) = 2 tee YE (k,) Yy " (ke) - (23) 
a 
Den Einfluss der Stérung erhalten wir nun, indem jedes Glied (k, 1) 
mit einem Schwachungsfaktor G* (,,attenuation factor“) multipli- 
ziert wird: 


W (k, k,) = ots a 


{oper Yeh) Ye" (k), (24) 


1 


—-t0Omnm 


G4 = (2k +1) II = (2k+1) ¥ Cram (25) 


m’ reek i =" 
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Dies bleibt offenbar nur solange richtig, als unser Ausdruck 
TITS * — 6, , TTTh* (26) 


ist. Neben dem oben betrachteten Fall wr <1 gilt (26) auch dann, 
wenn die Hyperfeinaufspaltung zwischen verschiedenen magneti- 
schen Quantenzahlen gleich gross ist (z.B. Aufspaltung im schwa- 
chen Magnetfeld). Ist die Hyperfeinaufspaltung nicht aquidistant, 
so miissen noch Interferenzterme beriicksichtigt werden, die durch 
den Schwachungsmechanismus erzeugt werden. Nach (17) ist 


= ¥-"(Kk,). (27) 


W (k, k,) = SS 1* 1 111 hae Yi) Tae Yi 


ays V2k,+1 
# 
Wena statt unpolarisierter Strahlung irgendwelche Gréssen (Polari- 
sationen) zusatzlich gemessen werden, so wird der obige Formalis- 
mus nur unwesentlich geandert. 
In den Formeln (17) hat man einfach 3” durch den Ausdruck 


m 


| > (1 )” i 2 eG —m, | a ti co} 


mM, Mz 


und Df}, durch Df, zu ersetzen. 


Ih =/2k,+1 Sa, 0%, (—1)4-/8+ 2 wi, k,L,/L,1,) x 


LL, 


Sa Chom mm co} 


m, Mz 


=V2k,+1 YB, Br (—1)!¢~ 18+ 44 WI, ok, L,/L5 1p) x 


Ls, 
«| SD Che a Ot 
Ms™M,; 


ae Cis Mp cls Mp 1 
Ip Mpky pu ~kpMpkou 1l-—iwgp pt 





Mp My 


be = TADS TTA 


al Heb hy 


Wk, k.) = Dial: Di uh 4. (%-F =z? :0) DE, (0, i.5- 2). 


Mi Be Bh 


Die F7"" (0) hangen natiirlich jetzt noch von den gemessenen Polari- 
ontitmmgeinsin A,:*: ab. 
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Fiir verscliwindende Schwachung wrt <1 lasst sich die Summe 
iiber w wie vorhin auswerten und erhilt 


=F spp UL DE, (#, 0, ¥). (29) 


1 He 
Hi Be 


Die Eulerschen Winkel @ und Y¥ sind vom speziell gewahlten Ko- 
ordinatensystem abhiangig. Dies ist nicht verwunderlich, da die 
Polarisationsgréssen A,--- ja auf dieses festgewahlte System be- 
zogen sind, 

Wahlen wir als Koordinatensystem dasjenige, das als z-Achse die 
Emissionsrichtung des einen Quants und als (z, y)-Ebene die Ebene 
der beiden Quanten besitzt, so ist ® = 0, ¥ = 0. Wir haben 


W (Kk, ke) =< sre. wt D* (0, 0,0). (30) 


A* =k, 


Mi Be 
hy os Ma 





Schwachungen durch aussere Einfliisse kénnen wie oben diskutiert 
werden. 


4. Diskussion der Schwichungserseheinungen. 


Die Korrelation kann durch irgendwelche aussere oder innere Fel- 
der gestért werden. Als inneres Feld wollen wir das Magnetfeld der 
Hille am Ort des Kerns annehmen. Die Hiille werde durch den Dreh- 
impuls J charakterisiert. Er setzt sich mit dem Kernspin J zu einem 
totalen Drehimpuls F zusammen. In den obigen Formeln hat man 
jetzt unter den 4,, B,,, C, die Wellenfunktionen des gesamten 
Atoms (Kern und Hiille) zu verstehen. Dabei ist aber zu beachten, 
dass der Operator H nur auf die Kerneigenfunktionen wirkt. 
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Wegen der (J, J)-Kopplung kénnen aber die Kernmatrixelemente 
der Form (A,|H,| B,,) leicht auf gewéhnliche Kernmatrixelemente 
umtransformiert werden. Es gilt z. B. 


F, ma F, 
(I,J Fm, |H,|IpJ Fym,) = CP y,(LaMa|Hi| Ip My) CPO, 


Diese und analoge Formeln in (2) eingesetzt ergeben unter Beriick- 
sichtigung der Orthogonalitatsrelationen der Clebsch-Gordon-K oef- 
fizienten fiir III 
ky ke _ Ip Mp Tz M, Fm 
TT = DC uP i, uO Mo kyu Ip Mp Jr * 
Fm F’m’ F’m’ 1 ‘ 

X Cp wade “Ig MgJs “Ip Mod Xa a ro (32) 
Diese Summe kann wieder durch Racah-Koeffizienten aufsummiert 
werden: 


Ik * = (QF +1) W (I, Jk, F/F" I,) W (Ip J kyF/F’ Ip) x 


Fr’ 
1 


1-twp m; F’ m’ 


(33) 


Fm Fm 
x Dy OP mw kin Cr m’ ke tt 


mm 


Fiir aquidistante Hyperfeinaufspaltung ist III‘** von der Form 
6,,x,- Also verschwinden die Interferenzterme und es bleibt 


. ne Pld 9 ‘m 1 
Illk= S(2F +1) |W(I,JkF/F Ip)? DCP mw kul” 1 


; ; ~~ Wpm-: Fm’ 
F,F mm Fm; F'm 


Diese Formel ist nur solange richtig, als die aussere Wechselwirkung 
die (I, J)-Kopplung nicht zerstért. 





— > WT 





Fiir den Spezialfall H = 0 kann die Summe iiber m, m’ noch aus- 
gefiihrt werden. Es ist 


w-—2 Jy GF + WAP + 1)1W Up EFF Ip) 


a: 2k+1 ee, 1 + (wp tT)? 








(34) 
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Wp pT ist ein Mass fiir die Schwachung. III in Abhiangigkeit von wt 
ist ee monoton fallende Funktion. 
Fir wt <1 kann jedoch III nicht verschwinden. Es bleibt 


’ 1 . , 
(IIT*) nin “serge sg 1)? |W (Ip, Jk F/FI,)|*. (35) 


Die obigen Formeln erlauben wieder eine einfache Interpretation. 
Wenn die ungestérte Korrelationsfunktion in der Form 


= 4%F (cos O 


vorliegt, so aussert sich der Einfluss der Hille m einem Schwi- 
chungsfaktor 
Pa (2k +1) III’, 


Y 
= )' a, G, P,(cos @). 
. 
Die Diskussion von G, bzw. (G;),,i, in Funktion der Gréssen wr, 


Ig, k geschieht am besten fiir J = 1/2. In diesem Fall lassen sich 
die Racah-Koeffizienten leicht berechnen. Es ist 





1 1 1 1 
7 — — . oe = 
Vi (Ink Ip+5/In+ zl) 2(Ip +1) @Ip+ 1) 


V(21I,+1—k) (21,+h + 2) 
= 1 k (k +1) 
I,) = - Eisen f Ip (Ip +1) 


1 
z 
1 1 1 }/ ke+1) 
W(Inxh I3- »/In+ I,) - 81,s1/ Toten 
1 
2 


W (Inzkl Be 2/10 a 3 








W(Ia5 sk I+ $/In- 








1 
I,) = 2 (Ip + 1) (2 Ip +1) 
V(21I,+1—k) (21,+k+2) 
= k(k+1) 
(2 Ip + 1)? 


(wt)? 
T 1+ (wt)? 





G, = 





k(k+1) 
(G,) min =1 ~ (2Ip+1)? : 
(Gi)min fir verschiedene k und I, ist in der folgenden Tabelle 
niedergelegt. 
Aus der Tabelle ist ersichtlich, dass Glieder mit héheren cos"@ 
empfindlicher geschwacht werden, als diejenigen mit niedrigen Po- 
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tenzen. Ferner ist die Schwachung kleiner, je grésser der Spin I, 
im mittleren Zustand ist. 





as 2 








1 0,33 
3/, 0,52 
2 0,76 | 0,20 
5/5 0,83 | 0,44 
3 0,88 | 0,59 | 0,15 
I 0,90 | 0,68 | 0,34 
4 0,93 | 0,75 | 0,48 | 0,11 
*/s 0,94 | 0,80 | 0,58 | 0,28 
5 0,95 | 0,84 | 0,65 | 0,40 | 0,09 





























Fiir ein ausseres Magnetfeld ohne Beriicksichtigung eventueller 
Hiilleneffekte kann der Schwachungsfaktor ebenfalls leicht berech- 
net werden. Es ist naémlich 


Gmm =1o=rTwH/Th=rg u,H/h (37) 


(u, g magnetischer Moment und g-Faktor des mittleren Zustandes ; 
“, Kernmagneton). Fir G, ergibt sich dann 


1 


1-trwt’ 


G = (38) 


Wenn wir das aiussere Magnetfeld H senkrecht zur Ebene der zwei 
Quanten anlegen, werden die Formeln besonders einfach 


i ir € 
W (9, H) =D basrar" 0 (39) 


wo # der Winkel zwischen den beiden Quanten ist. Das magnetische 
Feld H induziert eine Schwichung und eine Phasenverschiebung. 
Fiir wt <1 dussert sich dies in einer Rotation der Symmetrieachse 
um den klassischen Prazessionswinkel ® = wrt. 

Wenn die beiden Zahler die beiden Partikel nicht unterscheiden 
kénnen, so wird der Schwachungsfaktor reell: 





— 1 = 

Gi 3 tert Teiree} = 1+(rwt) ° (40) 
Eine Messung von Gj, mit gleich empfindlichen Zahlern gibt somit 
nur die Grésse, nicht aber das Vorzeichen des gyromagnetischen 
Faktors des Kernes. 
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Berechnung der Konstanten F7"7" (0) fiir einige Spezialfalle. 

Aus physikalischen Griinden verschwindet F7"7" (0), wenn es nicht 
gelingt, die z-Komponenten m, bzw. m, des Drehimpulses ohne 
Bahnimpuls (sondern nur durch Spin, Neutrinos usw.) wegzutragen. 

Es ist also speziell 

fiir Spin-0-Teilchen F7"(0) =0, 


Fm (0) = 0, 


ausser m =O; 


fiir y-Strahlen ausser m,5=+1. 


Spin-0- Teilchen. 
Fin (0) = {¥p (0) ¥? (0)}=1. (41) 


Es ist 


y-Strahlen. 


Es ist 1 
Y} ~ €4 


; ; 
Yi ~—te, 


fiir elektrische Strahlung 


fiir magnetische Strahlung ¢, =e, + iéy. 


Mit Y; ! = —(Y})* gewinnt man ohne weiteres: 
el-el mg-mg el-mg mg-el 
11 
F hl 1 1 
“3-1 
F hls 1 1 


Saimtliche von / abhiangige Gréssen sind dabei zum Matrixelement 
geschlagen. Daher sind die Matrixelemente von Fatkorr und Line 
von den unsrigen verschieden. Es gilt 


a, =V21+14-" (a) Falk-Ling * 

Wenn Polarisationen gemessen werden, kénnen die zugehérigen 
Fy:™ (0) ebenfalls leicht angegeben werden. Dabei wollen wir das 
Koordinationssystem, auf das die Polarisationsgréssen bezogen wer- 
den, wie oben wihlen [z-Achse in Richtung des einen Quants, 
(z, y)-Ebene = Ebene der beiden Quanten]. 

y bedeutet den Winkel, den der Polarisationsvektor mit der Ebene 
der beiden Quanten einschliesst. 





el-el 


mg-mg 


el-mg 


mg-el 





e 129 


ag tse 


ie t29 


ie t29 








ei2 








—ei2 





—iet2? 





—iet2? 
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y-Konversion. 


Fiir gewisse Fille lassen sich auch hier die Konstanten F leicht 
angeben. Insbesondere ist die Konversion eines s-Elektrons leicht 
zu behandeln. Das durch Konversion ausgesandte Elektron bildet 
mit dem in der K-Schale verbleibenden aus Paritatsgriinden 

a) bei elektrischer Konversion einen Singulettzustand ; 

b) bei magnetischer Konversion einen Triplettzustand. 

Bei elektrischer Konversion verhalt sich das Teilchen offenbar wie 
ein Spin-0-Teilchen 
F?° (0) =1 kn (0) = 0 m+0; 


wird das Elektron magnetisch konvertiert, so wird es in einer (! —1)- 
oder (1+ 1)-Welle ausgesandt. 
Erfolgt die Emission in einer (1 + 1)-Welle, so ist das Fi?” gegeben 


durch 
Fi™ (0) = \Dci wjlm— yp Y,_ 1, (0) Le 
u 


wo X, die Triplettspineigenfunktion bedeutet. Dieser Ausdruck redu- 
ziert sich aber sofort auf 


kr” (0) 7 eee 2 (42) 
Fiir die (1+ 1)-Welle ergibt die analoge Uberlegung 

ii” (0) ee \cr" 1031 P (43) 
Speziell ist noch daraus ersichtlich, dass F7'"(0) = 0 ist, fiir m > 1. 


Es ergibt sich dann nach den Tabellen von Conpon und SHERTLEY 
fiir die Clebsch-Gordon-Koeffizienten : 





11 
Fi 


00 
Fry 


a ae 
Fr 





1(1+1) 
2 

1(1+1) 
2 


2 


(1+1)? 


1 (1+1) 
2 


1(i+1) 
2 




















B-Strahlung. 


In der (Z = 0)-Néherung sind von Fakorr und UHLENBECK die 
F," (9) fir erlaubte sowie-verbotene Uberginge erster und zweiter 
Art berechnet worden. Wir bestimmen aus jener Arbeit die F;” (0): 


l=1, [=2, 
F)(0) =1-4, F)(0) =1+4,+ 4, 
FA0)=14+4, BO) =Ft+mt eH 


9 1 1 
Ff? (0) =—54 ye. 
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Fiir die Bedeutung der A, ,, “2 siehe FALKorF und UnLENBECK, 
wo diese Parameter auch fiir die verschiedenen Wechselwirkungs- 
ansatze berechnet sind. 


Herrn Prof. Dr. W. Pautr und Herrn Prof. Dr. V. We1sskopr 
méchte ich fiir ihr Interesse, das sie an dieser Arbeit bekundet 
haben, meinen herzlichsten Dank aussprechen. Den Herren Dr. 
H.FRAvVENFELDER, Dr. R. ScHarrotH und meinem Freund E. HEEr 
danke ich fiir viele anregende Diskussionen. 


Literatur. 


1) M. E. Rose, G. GorrtzeL, B. Spryrap, J. Harr und P. Strong, Phys. Rev. 
83, 79 (1951). 

*) D. R. Hamitton, Phys. Rev. 58, 122 (1940). 

3) C. N. Yana, Phys. Rev. 74, 764 (1948). 

4) D. L. Fatxorr und D. S. Line, Phys. Rev. 76, 1639 (1949). 

5) D. L. Fatkorr und G. E. UHLENBECK, Phys. Rev. 79, 323 (1950). 

6) D. R. Hamitton, Phys. Rev. 74, 728 (1948); I. Zinnes, Phys. Rev. 80, 363 (1950). 

7) E. L. Brapy und H. Deutscn, Phys. Rev. 72, 870 (1947). 

8) H. Deutscu, Reports of Progress in Physics XIV, 196. 

®) G. GOERTZEL, Phys. Rev. 62, 763 (1946). 

10) J. W. GARDNER, Proc. Phys. Soc. 62, 763 (1949); S. P. Luovp, Dissertation, 
unver6ffentlicht; Phys. Rev. 83, 716 (1951); G. Racan, im Druck. 

11) §. P. Luoyp, Phys. Rev. 80, 118 (1950). 

12) B. A. Lippmann, Phys. Rev. 81, 162 (1951). 


APPENDIX 


A. Evinige oft gebrauchte gruppentheoretische Relationen. 








py qye VGFM!G-wG+H NN G-2)! 
(By) = D/( 1) Gj-p ‘—xz)!(j+u- a)lui(ztp’— hy)! 


x etna a sin?*+ "(5 B) ety 
2 Pien| a Din (T) a Di}, zn" (S T) 
Dip, (%By) =(—1)"- "Diy, (2B y)* 


yy, bildet eine unitare Matrix 


Diy (aBy) = pty YE (6.2) 


Y auf 1 normierte Kugelfunktion 
Di, (0, 0,0) = 6 


we 


kM+m kN+n 
| = SorMem.D % i nenieon COUN in 
k=|J—3| 
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re 
MN mn 





quate V(L4l-d)! (L-1+))! (I4i-L)! (L+ +>)! (L—-p-»)! 
ie V (£+14+14+1)! U—p)! (4+ nw)! d—»)! (1+)! 


xy (—1)**!*" Y2041- (L+l+p—x)! (l-u+x)! (9) 


~ (L—l+i—x)! (L+pu+v—x)! x! (x+1-l-p-)! 
- 2c+1 
PT CZ bp ony bar B fest (10) 
Coop = (—1)**?-°. ah 


¥ +b— v 
Crave = (—1)""°* Chi aa 


C4 — 2c+1 b 
Coup =(—1 ‘ “| 26+1 Sane 


) 
— b+ 2c+1 
Coop = (—1) ' Qa+1 CT pes 


Dy Cig Ciisnp* Cae jo= V2c+1 V2d+1W(cbfdjae) Ce, ,9 (12) 


apo 

















wo W(abcd/ef) der sogenannte Racah-Koeffizient ist, der von sechs 
ganz- oder halbzahligen positiven Quantenzahlen abhangt. Dieser 
Koeffizient kann aus folgender Formel berechnet werden. 


w (abcd/ef) = 





= Y(-1) (a+b+c+d+1-z)! a 
_& (a +b-—e-2z)! (¢c +d—e—2z)! (a+c—f—z)!(b+d—f—z)!x 
x (6+ d-—f—z)!2!(e+f—a—d+z)! (e+f—b-—c+z)! 


W (abcd/ef) = 
(a +b—e)! (a+e—b)! (b+e-—a)! (c+d—e)!(c+e-—d)!(d+e-—d)!x ] V2 
=| x (at+e-f)!(a+f—c)!(c+f—a)! (6+d—-f)! (b+f-—d)!(d+f-5)! x 
(at+b+e+1)!(c+d+e4+1)!(a+e+f4+1)!6+d+f+1)!x 


x w(abcd/ef). (18) 
Es gelten die folgenden Beziehungen: 
W (abcd/ef) = W (badc/ef) = W (cdab/ef) = W (acbd/fe) 
= (—1)**!-*~4. W (ebcf/ad) = (—1)**'~°-*- W (aefd/bc). 
Die Racah-Koeffizienten verschwinden nur dann nicht, wenn die 


vier Triaden (abe) (cde) (acf) (bdf) 


alle trigonometrische Ungleichungen der Form |a—b| <¢ <a+b 
erfiillen. 
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B. Allgemeine Formeln fiir oft gebrauchte Racah-Koeffizienten. 
Alle benétigten Racah-Koeffizienten sind von der Form 
W (1,1, k, l,/l, Ip) - 
Meistens ist jedoch in praktischen Anwendungen 
I, =I, oder 1, =1,+1 |Z, —I,| =1, oder /,—1, 
so dass man nur wenige Koeffizienten zu berechnen hat. Es ist 


21121! (21+k+1)!(2I—-k)! 1/ 

W (L1I-Lk, UW =| ar sretsiieleesie@rcort 
——" 21:2T:2121! Ie 
WL, I+1,k, lt) = (—1) Heo ES SECTS SHCAES ESET ES EST 

W (I, I1—1+1,k, Ul 1) =2[21(1 +1) —k (k +1) (I—14+1)] x 

(21-1)! (2U—1)! (2I—k)! (21 +k 41)! 42 
A Tr ESIIITPESINETESES UTICA EST 

W (1,1 +1—1,k, ll) =2(—1)* [211 —k (k +1) (1+ D] x 
(21-1)! (24-1)!(27-1)1(27-1)! "ez 
Berea SAUTE ESTES ET 














W (1,1—1,k,U/l+1, 1) = 


e for (e-+1) (I) 211 (2141)!(21—k)! (21 +k+1)! \" 


(2l—k +1)! (21-+442)!(224+1)!(22+2)! 
W (1,1 +1,kUl+1, 1) =(—1)'-?x 


' 21! (2141)!27! (21-1)! tip 
x {2k (k-+1) (I+1+1) STSATETSELDVOISFSIOISETOT 











W(LJOF/FD = . ‘on 
( / )=(Grenarsn] 





2F—2)!(22—2)!)/ 
W (IJ2F/F 1) eter ra 30 (C+1)—41(I+1)F (F+1) 


C =J(J+1)—F(F +1)—1(1 +1). 


C. Allgemeine Formeln fiir Clebsch-Gordon-Koeffizienten. 
lL, + l, + k = y. g 


kO _(__4)\9-k g! 
Crono ( 1) V2k+1 SG -prgaar * 
, eee 
(l, +1,+k+1)! 











cro ae k(k+1)-1, (l, +1)-], (, +1) cre 
4114,-1 2 Vl, @, +1) ly (ly +1) 1,01,0 
Cio40= 0 L+l,+k=2g+1. 
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Tabellen von Racah-Koeffizienten. 
Allgemein 
W (J, J’, 0, L/L, J) = 





{ 1 1/2 
Nos TERESI 


Dipolstrahlung. 





W (J, J’, 2, 1/1, J) 








1 (J+1)(2J+3) )%e 
30 Fey ery 

(2 J —1) (2J+3)) 42 
Taper 
1 J (2J-1) 1/ 
30 | (WJ+1) 2I+1) (2743) 




















Quadrupolstrahlung. 





W (J, J’, 2, 2/2, J) 








(J+1)(2J+3) ye 
; FaI-HeIeT} 

(2J+3) ie 
. A ESUICR ESIC ESTE 





-(J-5) 


1 \*e 
~ 25-3) 2I+5) ay FF) aI @I+N QIF3)| 


2J-1 \'e 
J (J +1) (2S +1) (2S +3) | 

; J (2J-1) ye 
(J +1) (27+1) (2J+3) J 





—(J+6)- 











W (J, J’, 4, 2/2, J 








{ (J +1) (J +2) (2J+3)(2J+5) )'¥e 
630 (J—-1)J (2J—3) 27-1) 2341) 





{ (J -2) (2.7 —3) (27+3) (2 J+5) )'¥e 
\3 TESIFACERUI CEES TIER ESS a 
{2 ___ WJ -1) J +2) (2-3) (2 +5) \"s 





35 ~~ J (J+1) (27-1) 2341) (23 +3) 
2 (J-1)(2J-3) (2-1) (2745) 42 
315 — ALES AESICRESTICR ES al 














(J -1)J (2J—3) (27-1) 1g 
630 (J +1) (J + 2) (2J+1) (2J7+3) aris} 
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Oktopolstrahlung. 





W (J, J’, 2, 3/3 J) 








(2J+3) \te 
(2J—1) (2J+1)J 
(2 J+3) 1/ 
“J (F+1) | BI-nerii 
1 (2 J—1) 1/ 
“T(J+l)  @I+F1 @I+3) 
2J-1 1/9 
oP 5 Se aIeh| 

















W (J, J’, 4, 3/3 J) 








_(WJ+1) (J +2) (2.3 +3) (2.J+5) \" 
J-1)J (23-3) 27-1) 2J+1) 
(J +2) (2. J +3) (2J+5) Ie 
(J-1)J(J+1) CEE RESO RES} 
Jat (2J—3)(2J—-1) "Ne 
154 J (J +1) (J +2) (2541) (2543) (2745) ] 
JWJ-1) (2J-1) (2J-3) 1/a 
“(J+2) (F411) (27+5) (2743) ees 














W (J, J’, 6, 3/3J) 














: 1 (J +1) (J +2) (J +3) (2J +3) (2.4 +5) (2J+7) \"s 
2\3-7-11-13° ° J(J—-1)(J-2) | (27 +1)(2J-1) 27-3) (27-5) 


3 
g (5-24) x 





1 (J + 2) (J +3) (2 J +3) (2. J+5) (2J+7) r 
x aa 13° (J+1)J (J—1) (J -2) (2741) (2J-1) (2-3) (27-5) 


-$ (2s+7) x 





1 (J —1) (J-2) (2.J—1) (2.J—3) (27-5) yn 
x fg 7-11-13 J(J+1)(J +2) (J +3) (20 +1) (2d +3) (2d +5) (2d +7) 

1 1 J (J -1) (J -2) . (2J—-1) (2J—3) (27-5) \" 

Te (J+1) J +2)(J+3) (20 +1) (20 +3) (20 +5) (20 +7) 
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24- Pol-Strahlung. 





W (J, J’, 2, 4/47) 





2543 1g 
Sycayerst| 


2I+3 1/2 
es RES ESI 
1 2J-1 1/ 
“JT (J+i) avai yea) | 
SJ—1 1/2 
sTripssra| 











W (J, J’, 4, 4/4 J) 





1 14 (J+1) (J +2) (2. J +3) (2J+5) Ve 
Sis ~~ J-1Tt ST nyo eTamt 








(J +2) (25+3)(2J+5) Ye 
e 5 (1 3D WJ-1)I Uti) @I-3) ener 





- = o+3) {7 (J -1) (2 J —3) (2J—-1) \ 


143 J(J+1) (+2) QI+1)(Qd+3) QI45 
1/( 14 J (J-1) (2 J—1) (2-3) 1/ 
sha U+1)W+2) Qd+1)Qd+3) mae} 








W (J, J’, 6, 4/4 J) 














4 1 (J +1) (J +2) (J +3) (2J+3)(2J+5)(2J+7) |e 
35-11-13 J@-1)V-2) (@J+1)2J—1) (23-3) (2J—5)| 


= (67-174) x 





x { 1 (J +2) (J +3) (2.J+3)(2J+5)(2J+7) 4a 
5-11-13 (J+1)J(J—1)(J—2) (2d +1) (2J—1) (2d —3) (2J—5) 


-+ (84 +17J) x 
1 (J —2) (J-1) (2J-1)(2J-3)(2J-5) 4s 
os Sa “JT (J+1) (J +2) (+3) (2741) (2543) (2745) aIT7 


| 1 J (J-1) (J-2) (2 J—1) (2 J—3) (2J—5) 1g 


3 (5-11-13 (J+1) (J+2)(J+3) (241) (2743) (2745) (2747) 
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Interferenzkoeffizienten. 


Dipol-Quadrupol-Strahlung. 





W (J, J’, 2, 1/2, J) 











i (J —1) (27 +3) 1/ 
0 Jesse 


3 1 1/9 
bo sonersH} 


-|5 (J + 2) (2 J-1) \Ve 
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Quadrupol-Oktopol-Strahlung. 
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Clebsch-Gordon-K oeffizienten. 


1 
00 a 
Ch i-1 = Vz 


ig 
20 os 
Ch 1-1 ~ 6 


| I 
00 = 100 = 
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00 
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Elektronenspektren zwischen 1 und 10 KeV 
von H. Schneider, 0. Huber, F. Humbel, A. de Shalit*) und W. Zanti 
ETH., Ziirich. 
(23. I. 1952.) 


Summary. The spectrum of low energy (1—10 KeV) electrons has been measured 
for the cases of Ag!®’, Ag!®®, Tc®*, Hg!®”, Au!®, Au1®®, and Au! using a coin- 
cidence technique, in which the electrons are accelerated in a lens spectrometer. 
The apparatus is described, and the results are compared with the predictions of the 
single particle shell model. 


Einleitung. 


Dem Schalenmodell. von M. G. Mayer gelingt es durch Einfiih- 
rung der Spinbahnkopplung die meisten Grundzustiande der Atom- 
kerne zu beschreiben, und auch das Auftreten von Isomeren in 
Gruppen am Ende abgeschlossener Schalen zu erklaéren. Die meisten 
bekannten ,,ug“*-Isomere haben nach diesem Modell ihren Platz am 
Ende abgeschlossener Schalen, weil dort hohe Spindifferenzen 
auftreten. Die vorausgesagten Zustainde, zwischen denen ein iso- 
merer Ubergang stattfinden kann, sind: go — py in der 50er 
Schale, hy. — ds in der 82er Schale, sowie 1,3 — fs in der 
126er Schale. Ein solcher Ubergang wiirde also eine Drehimpuls- 
anderung von 4 und Paritaétswechsel erforderlich machen; man 
spricht deshalb von M4-Isomeren. Etwa 86 Isomere in diesem Ge- 
biet zeigen nun tatsiachlich M4-Strahlung?) und lassen sich gut in 
das System des Schalenmodells einordnen. 

Es gibt aber auch Ausnahmen unter den Isomeren am Ende ab- 
geschlossener Schalen, deren Strahlung mit Sicherheit nicht als M4 
interpretiert werden kann. Bei diesen schliesst die Lebensdauer- 
Energie-Beziehung von V. Wersskopr?) den M4-Charakter aus und 
die phanomenologische Klassifikation von GoLpHABER?) lasst auf 
E8- resp. M3-Strahlung schliessen. Diese Isomere kénnten also mit 
dem Einteilchenmodell nicht mehr erklart werden, falls die Sicher- 
heit besteht, dass der Ubergang nicht in Kaskade erfolgt. Besonders 
deutlich wird das Versagen des reinen Einteilchenmodells bei den 
Silberisomeren Ag?®’ und Ag?®. Beide haben im Grundzustand den 
Spin 1/2. Die beobachtete Drehimpulsanderung?) von 3 fihrt ein- 


*) From The Hebrew University, Jerusalem. 
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deutig auf einen Zustand mit dem Spin 7/2. In der 50er Schale hat 
aber das betreffende Niveau modellmassig den Spin 9/2. 

Es steht damit zur Diskussion, ob fiir diese Anregung mehrere 
Nukleonen verantwortlich sind, oder ob vielleicht doch Kaskaden- 
iiberginge vorliegen, die infolge sehr kleiner Energie der ausgesand- 
ten Strahlung allen bisherigen Beobachtungen entgangen sind. Da- 
her erschien es uns angezeigt, die experimentellen Daten erneut zu 
priifen im Hinblick auf das Gebiet kleiner Energien, die sich im 
6-Spektrometer infolge der Absorption im Zahlrohrfenster jeder Be- 
obachtung entzogen haben. So ware zum Beispiel ein Niveau von 
2 KeV, wie es beim Tc*®® mit Koinzidenzmessungen und Proportio- 
nalzahler*) entdeckt wurde, bisher sicher allen Messungen im Spek- 
trometer entgangen, und gerade solche Niveaux wiirden auf die 
Diskussion um das Einteilchenmodell entscheidenden Einfluss aus- 
iiben. Wir haben deshalb eine Messtechnik entwickelt, die es ermég- 
licht, durch Nachbeschleunigung der Elektronen im Linsenspektro- 
meter das Spektrum bis zur Energie 1 KeV hinunter zu unter- 
suchen. Nach Energien unterhalb 1 KeV zu suchen ist unndétig, weil 
diese auf zu grosse Lebensdauern fiihren wiirden, die mit der Erfah- 
rung nicht in Einklang zu bringen sind. Bei diesen kleinen Energien 
findet man zahlreiche Augerlinien und die richtige Interpretation 
des Spektrums wird erst mit Hilfe gleichzeitiger Koinzidenzmes- 
sung‘) méglich. Mit diesem Nachbeschleunigungsverfahren konnten 
wir 3 der erwihnten ug-Isomere (Ag!®’, Ag!®, Au?9’) untersuchen, 
von denen die 2 Silberisomere mit Sicherheit zu den Ausnahmen 
zu rechnen sind. Den hypothetischen Ubergang kleiner Energie 
(1 < E < 10 KeV) konnten wir mit Sicherheit ausschliessen. Eben- 
so haben wir mit dieser Technik die Spektren des Au?®5 und des 
Au?** aufgenommen. Diese 2 Zerfallsschemata, die in einer spiteren 
Arbeit}®) mitgeteilt werden, sind in guter Ubereinstimmung mit 
dem Einteilchenmodell. 

Beim Tc®® konnten wir auch im Spektrometer die 2-KeV-Linie 
finden. Ihre Existenz wurde durch Koinzidenzmessung im Spektro- 
meter nachgewiesen, und ihre Energie mit Hilfe der M- und N-Kon- 
versionslinien bestimmt. 


Beschleunigung der Elektronen im Spektrometer. 


Will man die Messungen von f-Spektren auf sehr kleine Energien 
ausdehnen, so setzt zunachst die Absorption des Zahlrohrfensters 
eine Grenze, weil selbst bei Verwendung der diinnsten noch brauch- 
baren Folien (~ 0,1 mg/cm?) Elektronen mit einer Energie unter- 
halb 6 KeV nicht mehr gezaéhlt werden kénnen. Die Verwendbar- 
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keit des Zahlrohres im Spektrometer ist deshalb begrenzt. Da die 
Entwicklung von Detektoren grosser Ausbeute in diesem Gebiet 
kleiner Energien grosse Schwierigkeiten mit sich bringt, besteht 
wohl die einfachste Lésung des Problems darin, die Elektronen 
kiinstlich durch Anlegen eines elektrischen Feldes zu beschleunigen. 

Man wird folglich entweder die radioaktive Quelle, deren B-Emis- 
sion im Spektrometer untersucht werden soll, auf ein negatives oder 
das Zahlrohr auf ein positives Potential bringen. Die Aufladung des 
Zahlrohres ist von Burr5) benutzt worden, um die Augerlinien des 
Thoriums zu untersuchen. In unserer Anordnung befindet sich die 
Quelle auf negativem Potential, so dass die Elektronen eine Be- 
schleunigung erfahren, bevor sie das Magnetfeld des Spektrometers 
passieren. Der wesentliche Vorteil dieser Konstruktion besteht dar- 
in, dass das Zahlrohr von der Beschleunigungsanlage raéumlich durch 
das Spektrometer getrerfnt ist. Deshalb kann der ,,Untergrund“, 


Fig. 1. 
Messanordnung im Schnitt. 1. Photomultiplier. 2. Lichtleiter. 3. Anschluss fiir die 
Beschleunigungsspannung. 4. Torusférmige Elektrode mit Praparat und Anthracen- 
kristall. 5. Bleikérper. 6. Geiger-Miiller-Zahler. 7. Magnetwicklung. 


der von der Feldemission herriihrt, nur bei einem Hg-Wert auf- 
treten. An dieser Stelle im Spektrum entsteht die ,,Nullinie“, die 
fiir die Eichung der Anlage sehr niitzlich ist. Natiirlich muss von 
der gemessenen Energie die Beschleunigungsenergie in Abzug ge- 
bracht werden, was durch das Auftreten der Nullinie erleichtert 
wird. Die Position dieser Linie gibt uns die Elektronen mit der 
Energie Null im Spektrum. 

Da ferner die Intensitaét und die Energie der Linien im Bereich 
kleiner Energie wegen Selbstabsorption und Riickstreuung im Pra- 
parat oft stark verfilscht sind, erschien es uns stets notwendig, die 
Interpretation der Linien mit Koinzidenzmessungen zu stiitzen. Zu 





262 H. Schneider. O. Huber, F. Humbel, A. de Shalit und W. Ziinti. 


diesem Zwecke befindet sich hinter dem Priaparat ein Anthracen- 
kristall (ebenfalls auf Hochspannung), dessen Lichtblitze durch 
einen isclierenden Lichtleiter aus Plexiglas aus dem Spektrometer 
heraus und einem Photomultipher zugefiihrt werden, der somit auf 
Erdpotential stehen kann. Ein Schema dieser Anordnung zeigt Fig. 1. 

Da sich Priparat und Anthracenkristall auf gleichem Potential 
befinden, bleibt die Ansprechwahrscheinlichkeit (€5,) des Scintilla- 
tionszihlers unverandert. Sie wurde nach der bei O. Huser, F. Hum- 
BEL, H. ScHNEIDER und W. Zintr®) beschriebenen Methode be- 
stimmt. 

Der Raumwinkel zwischen Priaparat und Kristall betragt 
®g, = 0,185. Das Auflésungsvermégen der Koinzidenzschaltung 
wurde zu t = 2,8 10-7 sec bestimmt. 

Definieren wir: 

Koinzidenzen 


Koinzidenzrate = EinsclstGess im ZR.’ 





so ist leicht einzusehen, dass die Koinzidenzrate einer Linie abhangt 
von der Anzahl der Partner, deren Ansprechwahrscheinlichkeit im 
Scintillationszihler, und bei einem y-Ubergang noch von der Kon- 
version. Einzelheiten dieser Koinzidenztechnik sind in einer friiheren 
Arbeit‘) diskutiert worden. 


Zur Theorie des Linsenspektrometers mit Beschleunigung der Elektronen. 


Offenbar wird die Theorie des Linsenspektrometers, wie sie von 
Perstko’), Du Monp®) u.a. entwickelt wurde, bei Anwendung eines 
elektrischen Beschleunigungsfeldes eine Modifikation erfahren. Die 
numerische Lésung der allgemeinen elektronenoptischen Bahnglei- 
chungen®) fiir gemischte Felder ist meist nicht durchfiihrbar, weil 
das elektrische Feld vor allem in der Nahe des Praparates unbekannt 
ist. Der Versuch, durch z. B. kugelférmige Gestaltung des Praparates 
das Feld zu definieren, kollidiert mit den Forderungen nach extrem 
diinnen Quellen und bringt somit erhebliche konstruktive Schwie- 
rigkeiten. 

Nimmt man ein kugelsymmetrisches elektrisches Feld an, so zeigt 
die numerische Rechnung in erster Naherung keine Abweichung der 
Elektronenbahn gegeniiber der Rechnung ohne elektrisches Feld. 
Ein ebenes Feld hingegen, dessen Kraftlinien parallel zur Spektro- 
meterachse gerichtet sind, lasst die Bahnen mit geniigend kleiner 
Anfangsenergie sehr bald entlang den Kraftlinien verlaufen, so dass 
die Elektronen mit normalem Startwinkel die Blenden nicht mehr 
erreichen. Dann wird der elektronenoptische Raumwinkel nicht 
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mehr mit dem geometrischen tibereinstimmen. — Dieser Effekt ist 
tatsichlich vorhanden und er konnte durch einfache Experimente 
untersucht werden, die im nachsten Kapitel beschrieben werden. — 
Von grésserem Interesse ist es, zunachst die Auflésung zu berechnen, 
um ein Bild von der zu erwartenden Abweichung zu erhalten. 


Die Theorie des Linsenspektrometers mit rein magnetischem Feld 
ergibt fiir das relative Auflésungsvermégen: 


de (e+2) dJ 
“e  (e¢1) J 
wobel 
e = kinetische Energie in mc? 
J = Strom in Amp 


bedeutet. Um die entsprechende Formel fiir das Spektrometer mit 

Beschleunigung zu erhalten, gehen wir aus von der Energie in relati- 

vistischer Schreibweise: 
E 
ry 


= V mpc? + p® 
mit der oben eingefiihrten Bezeichnung: 


2 
P 
m2 c? * 


(l+e)?=1+4+ 











4 me? 
Fig. 2. 


Zum Auflésungsvermégen. Kurve 1: V = 0. Kurve 2: V=10kV. Kurve 3: 
V = 20kvV. 


Teilen wir die kinetische Energie in die urspriingliche und die zu- 
sitzliche auf, indem wir die Beschleunigungsenergie U= eV in mc? 
addieren, so erhalten wir: 

i+:24+ UpP<24 


22° 
m2 c 
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Benutzen wir ferner die Proportionalitét zwischen dem Impuls der 
Elektronen und dem Strom im Spektrometer, so erhalt man: 


(l+e+ U)?=1+aJ?, 


womit a als Apparatekonstante eingefiihrt ist. 
Daraus ergibt sich durch Differentiation: 


de (i+e+U)?-1 ad 
é  (1+e+U)-¢e J ° 


Fiir den Fall U = 0 geht die Formel iiber in die normale. Man sieht, 
dass fiir U + 0 aber ¢ = 0 die Funktion (de/e)/(dJ/J) gegen oo stre- 
ben muss. Fig. 2 zeigt dieses Verhalten bei verschiedenen Beschleu- 
nigungen als Parameter. 

Das bedeutet, dass bei der Stosszahlkorrektur nicht mehr durch 
Ho zu dividieren ist, sondern durch Ho: F(U, e). Diese Funktion 
ist in ahnlicher Weise leicht zu berechnen. Sie soll hier nicht ange- 
geben werden, da die Korrektur in unserem Messbereich sehr klein 
bleibt. Sie betragt bei e = 1 KeV und Beschleunigungsspannung 
V = 20 kV nur etwa 4%. 

Das Auflésungsvermégen verschlechtert sich also mit der Be- 
schleunigung. Man wird diese deshalb nur gerade so gross wihlen, 
dass die Absorption der Zahlrohrfolie ausgeglichen wird. 


Absorption in der Ziéhlrohrfolie und Raumwinkel. 


Da eine elektronenoptische Berechnung der Bahnen ohne Kennt- 
nis des elektrischen Feldes nicht durchfihrbar ist, musste experi- 
mentell die Variation des Raumwinkels mit der Beschleunigung er- 
mittelt werden. — Durch Vergleich zweier Messungen mit und ohne 
Nachbeschleunigung erhalt man das relative Produkt aus Raum- 
winkel und Durchlassigkeit. — Fig. 8 zeigt die Linien des Cd?°7’ bei 
verschiedenen Beschleunigungsspannungen. Die Verschiebung der 
Linien entspricht innerhalb der Messgenauigkeit der angelegten 
Spannung. Die L-Augergruppe gewinnt dabei schnell an Intensitat 
und dieses Anwachsen riihrt von der Variation des Raumwinkels 
und der Durchlassigkeit her. 

Um die beiden Effekte getrennt zu ermitteln, haben wir zunachst 
die Durchlassigkeit der verwendeten Folien bestimmt. Zu diesem 
Zwecke wurden die Konversionslinien des langlebigen Au}®* als Funk- 
tion der Foliendicke gemessen. Auf diese Weise erhalt man fiir die 
verschiedenen Energien die relative Durchlissigkeit als Funktion 
der Foliendicke. In erster Naherung kann die absolute Durchlassig- 
keit durch lineare Extrapolation der Stosszahlen auf die Foliendicke 
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0 gewonnen werden. Die Methode hat den Vorteil, dass die Absorp- 
tion im Spektrometer selber bei unverainderter Geometrie gemessen 
werden kann. Absolutmessungen, die ausserhalb des Spektrometers 
mit monochromatischen Elektronen vorgenommen wurden?®) 14), 














30 40 50 60 70 80 90 100 Kev 
Fig. 3. 
Spektrum des Cd!°? mit verschiedener Beschleunigungsspannung. L-Augerlinien 
mit 6 kV, 8 kV, 9,1 kV, 12 kV, 15,5 kV und 20 kV. K-Augerlinien mit 6 und 9,1 kV 
K,y3-Konversion mit 0 und 9 kV. L,3-Konversion mit 0 und 9 kV. 





100% 








10 20 30 40 SO 60 70 80 Kev 
. Fig. 4. 
Derchlassigkeit der verwendeten Formvarfolien. Kurve 1: 0,086 mg/cm?. Kurve 2: 
0,156 mg/cm?. Kurve 3: 0,186 mg/cm?. 


zeigen, dass die Kurven bei extrem schwacher Absorption flacher 
verlaufen, als es der linearen Extrapolation entspricht. Fir die vor- 
liegenden Messungen bedeutet das aber nur eine Korrektur, d.h. die 
Naherung durch lineare Extrapolation kann als gut angesehen wer- 
den. Fig. 4 zeigt die Durchlissigkeit der verwendeten Folien. 





266 H. Schneider, O. Huber, F. Humbel, A. de Shalit und W. Ziinti. 


Da die Absorption nun bekannt ist, lasst sich der Raumwinkel er- 
mitteln. Das Verhalten dieses elektronenoptischen Raumwinkels bei 
6 und 10 kV Beschleunigung zeigt Fig. 5. Hier ist der Faktor, mit 
dem der geometrische Raumwinkel zu multiplizieren ist, in Abhaén- | 
gigkeit von der Energie der gemessenen Elektronen, aufgetragen. 


Qualitativ.entspricht die Kurve durchaus den Erwartungen. Bei 
grossen Energien ist der Faktor nahezu 1, denn die Spannung hat 
keinen grossen Einfluss. Wird die Energie der Elektronen vergleich- 
bar mit der Beschleunigungsenergie oder kleiner, so wachst der Ein- 
fluss mehr und mehr, und zwar zuniachst in positivem Sinne. Bei 


10- 





> 








T 


T - 
20 40 60 80 Kev 
Fig. 5. 
Variation des elektronenoptischen Raumwinkels mit der Energie der Elektronen. 
Beschleunigungsspannung als Parameter. 


T - 


sehr kleinen Energien jedoch nimmt der Raumwinkel wieder ab, 
weil das elektrische Feld in der Nahe der radioaktiven Quelle parallel 
zur Spektrometerachse gerichtet ist. Das Maximum der Vergrésse- 
rung betragt fiir 6 kV Beschleunigung ca. 5,5 und die Raumwinkel- 
korrekturen sind fiir Intensitatsbestimmungen zudem stark energie- 
abhangig. Da sich jedoch die Interpretation der Linien in diesem 
Bereich auf die Koinzidénzen stiitzt, so spielt die Intensitat der 
gemessenen Linien keine entscheidende Rolle mehr. Die Intensitit 
ist ohnehin wegen der Selbstabsorption im Praparat unsicher. 


Das Isomer Te”, 


Tc®® entsteht durch f-Zerfall aus Mo®®, dessen Halbwertszeit 67 h 
betragt. Von dieser Aktivitat lasst sich chemisch das 6-stiindige Tc- 
Isomer abtrennen?*). Die 6-stiindige Halbwertszeit des Isomers 
wurde einem Ubergang von 1,8 KeV zugeschrieben), die dem- 
jenigen von 141 KeV vorangeht. 
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Die ,,Crossover‘‘-Linie von 143 KeV?%) ergibt fiir die Energie des 
isomeren Uberganges 2 KeV. —-Die beschriebene Anordnung sollte 
nun erlauben, die M- und N-Konversion dieser Tc-Linie im Spektro- 
meter zu messen. — MoO, wurde mit langsamen Neutronen in der 
Harwell-Pile bestrahlt. Nach eier von Jacosi?4) beschriebenen 
Methode konnte das Tc als Oxychinolat getrennt und tragerfrei auf 
eine Metallfolie von 0,4 mg/cm? elektrolysiert werden. Die drei hier 
interessierenden Gebiete des Spektrums zeigt Fig. 6. 


\ 
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3 12 % 16 18 110 120 130 Kev 
Fig. 6. 


Ausschnitte aus dem Elektronenspektrum des Tc®® mit Koinzidenzen. 





Die Konversionslinien bei 1,5 und 2 KeV iiberlappen mit den 
L-Augerelektronen und kénnen im Spektrum der Einzelstésse nicht 
von diesen unterschieden werden. Aber an Hand der Koinzidenzrate 
kénnen sie eindeutig identifiziert werden. Die K-Augerelektronen 
zeigen eine Koinzidenzrate von 11% entsprechend der Geometrie 
der Anordnung und der Ansprechwahrscheinlichkeit der Koinzidenz- 
partner im Scintillationszihler. Jedes Augerelektron der K-Gruppe 
ist in Koinzidenz mit einem K-Konversionselektron des 141-KeV- 
Uberganges, das mit einer Ansprechwahrscheinlichkeit von 83% 
im Scintillationszéhler registriert wird. Die Koinzidenzrate sollte 
also: Wg, * &s- = 0,18 - 0,88 = 0,11 betragen, in Ubereinstimmung 
mit dem Versuch. Im Bereich der L-Gruppe findet man dagegen 
eine Koinzidenzrate von nur etwa 2,2%. Das bedeutet, dass etwa 
4/5 aller Elektronen in dieser Gruppe Konversionselektronen sind, 
und nur 1/5 als Augerelektronen in Frage kommen. Denn ein 
Augerelektron der L-Gruppe hat mindestens so viele Koinzidenz- 
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partner wie ein K-Augerelektron. Diese Konversionselektronen 
kénnen also nur zu einer Linie gehéren, die in Kaskade mit einer 
schwach konvertierten Strahlung liegt. Und das ist die 141-KeV- 
Linie, die zu 10% konvertiert ist. Wir interpretieren die zwei 
Spitzen in der Gruppe bei 1,5 und 2 KeV als M- und N-Konver- 
sion, und daraus ergibt sich die y-Energie des isomeren Uberganges 
zu 2 KeV in guter Ubereinstimmung mit der Messung des Crosso- 
vers und jener im Proportionalzahler. 


Die Isomere Ag17 und Ag109, 


Beide Kerne entstehen aus ihren Isobaren im Cadmium und wur- 
den durch (p, n)-Reaktion im Cyclotron des Institutes durch Bestrah- 
len von Silber hergestellt. Wir haben in einem evakuierten Pyrex- 
rohr das Cadmium verdampft, und die Aktivitaét schlagt sich dabei 
trigerfrei auf eine im Rohr vorhandene Goldfolie von 0,4 mg/cm? 
und 0,6 em Durchmesser nieder. 


68 Kev 
By 
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Fig. 7. 
Elektronenspektrum des Cd?°? zwischen 0 und 22 KeV mit Kcinzidenzen. Im glei- 
chen MaBstab die 93 ,-Konversionslinie. 


Fig. 7 und 8 zeigen das Spektrum der Elektronen zwischen 0 und 
20 KeV mit den zugehérigen Koinzidenzen. 

Die Elektronen, die vom K-Einfang herriihren, haben wegen der 
nachfolgenden Halbwertszeit des Isomers keine Koinzidenzpartner. 
Deshalb wird die Koinzidenzrate der Augerelektronen viel kleiner 
als im Falle des Technetiums, denn dort liegt ja kein K-Einfang vor. 
Sie betrigt fiir die K-Gruppe (2,9 +0,1)% und fiir die L-Gruppe 
(3,1 +0,1)%. Der Unterschied entspricht gerade den Erwartungen, 
da die L-Konversionslinie eine gréssere Ansprechwahrscheinlichkeit 
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im Anthracenzahler besitzt. Eine Konversionslinie wiirde, wenn sie 
wie beim Tc*® in die L-Augergruppe fallt, die Koinzidenzrate auf 
mindestens 10% erhéhen, denn diese miisste mit der hochkonver- 
tierten 87- resp. 93-KeV-Linie in Kaskade liegen. Ein solcher Uber- 
gang kann hier mit Sicherheit ausgeschlossen werden. 
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Fig. 8. 
Elektronenspektrum des Cd!°® zwischen 0 und 22 KeV mit Koinzidenzen. Im glei- 
chen Maf8stab die 87 ,-Konversionslinie. 


Das Isomer Au!97, 


Uber den Zerfall des Hg?9? sind von verschiedenen Autoren Unter- 
suchungen angestellt worden (siehe Zusammenfassung in 25). 

Nach dem in friiheren Arbeiten angegebenen Zerfallsschema fol- 
gen dem isomeren Zustand von 7 sec Halbwertszeit im Au?’ drei 
y-Linien von 275, 191 und 77 KeV. Spin und Paritat des Grundzu- 
standes sind aus Messungen der Hyperfeinstruktur sowie des Kern- 
momentes bekannt. Sie lassen eindeutig auf einen d3)-Zustand 
schliessen. Die Drehimpulsinderung zwischen dem isomeren- und 
dem Grundzustand wurde aus der Anregung mit Neutronen ermit- 
telt?*), Aus der Anregungskurve wurde auf ein 4J = 4 und auf 
Paritaétswechsel geschlossen. Damit erhalt das Isomer den Dreh- 
impuls 11/2 — (wahrscheinlich hy,).). Diese Zuordnung wird dadurch 
erhartet, dass man dem 25-h-Isomer im Hg?*? den Drehimpuls 13/2 
zuschreibt, was auf Grund der experimentellen Daten der y-Kaskade 
im Hg?*? sehr wahrscheinlich ist. Grundzustand und isomerer 
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Zustand des Au?*? wiirden damit gut in die Termfolge des Schalen- 
modells passen. Der isomere Zustand fiihrt also tiber zwei Zwischen- 
niveaux in den Grundzustand. Auf Grund der Messungen kénnen 
diesen Niveaux Drehimpuls und Paritaét nicht eimdeutig zugeordnet 
werden. Weil nur 2% aller Zerfille des Hg?®’ 23h tiber das hy1)0- 
Niveau fiihren und zudem diese Linien teilweise durch die Konver- 
sionslinien des Hg?®’? verdeckt werden, sind die Messungen sehr er- 
schwert. Trotzdem lasst sich sagen, dass die Ergebnisse nicht in 
Ubereinstimmung mit allen theoretischen Forderungen gebracht 
werden kénnen, namlich: Konversion, Lebensdauer-Energie-Bezie- 
hung und K/L-Verhaltnis. Um daher mehr iiber den Zerfall des 
Au?®? zu erfahren, haben wir das Spektrum bis zur Energie 1 KeV 
gemessen und den Zerfall des Pt!®? zum Au?9? untersucht. 


Der 18-h-Ubergang Pt!87—Au197, 


In der Harwell-Pile wurde spektralreiner Platinschwamm wih- 
rend 3 Tagen mit langsamen Neutronen bestrahlt. Der (n, y)-Prozess 
liefert aus den 6 stabilen Pt-Isotopen nur 3 gut messbare Aktivi- 


N Kk 
né kev 
| 129 








50 1200 1250 Ho 
Fig. 9. 
Ausschnitt aus dem Elektronenspektrum des Pt!*? mit Koinzidenzen, zum Nach- 
weis der 191 ,-Konversionslinie im Au?®’. 


titen. Pt}®® zerfallt mit einer Halbwertszeit von 28 min zu Au?®®, 
und dieses aktive Gold kann chemisch abgetrennt werden. Somit 
bleibt noch der angeregte Zustand des Pt}®5 1%) und der gesuchte B- 
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Ubergang des Pt!®?. Im Pt! findet man nur Konversionslinien, 
deren héchste Energie 115 KeV betragt. Das 18-h-Spektrum konnte 
somit auch in Gegenwart dieser Linien gemessen werden. In diesem 
Spektrum haben wir nun ausser den Linien des Pt?®, die mit 3,8 d 
Halbwertszeit abklingen, zwei Konversionslinien bei 62 und 73 KeV 
gefunden, welche eine Halbwertszeit von 18 h aufweisen. Die Ener- 
gie dieser Linien und ihr Intensititsverhiltnis (3,6) stimmt genau 
mit der Energie und dem L/M-Verhiltnis der bekannten 77-KeV- 
Linie im Au?!®’ iiberein. Es kann daher kein Zweifel bestehen, dass 
es sich hier um den gleichen y-Ubergang handelt. Wir haben daher 








1200 "9 
Fig. 10. 
Photoelektronenspektrum der Platinfraktion zum Nachweis 77;, 77 und der 
191 x-Linie. Konverter 2,6 mg/cm—* Au. 


auch nach der 191-K-Konversion gesucht, welche bei 121 KeV zu er- 
warten ist. Diese Linie erscheint tatsachlich im Spektrometer. Sie ist 
aber etwa 50mal schwicher und wird iiberdies fast verdeckt von der 
sehr intensiven 129-L-Linie des Pt?*®. Mit Hilfe von Koinzidenzen 
konnte sie aber einwandfrei identifiziert werden. Fig. 9 zeigt einen 
Ausschnitt aus dem Elektronenspektrum. 


Beide y-Uberginge sind ausserdem im Spektrum der Photoelek- 
trenen nachzuweisen (Fig. 10). 





272 H. Schneider, O. Huber, F. Humbel, A. de Shalit und W. Ziinti. 


Somit ist der 6-Ubergang durch 8 Experimente sichergestellt: 
1. £-Spektrum, 2. Konversionslinien 77 L, 77 M und 191 K und 
3. Photoelektronenspektrum der Platinfraktion. Aus der Intensitit 
der Photolinien folgt unter Beriicksichtigung der energieabhangigen 
Photoausbeute, dass 1,5% aller Uberginge auf das 268-KeV-Niveau 


pr’? Hg"97 


Zerfallsschema des Pt!*? kombiniert mit dem schon bekannten Schema des Hg!*? 
und Au!9?, 


im Au!®? fiihren. Fiir das B-Spektrum ergibt sich durch Auswertung 
des FK.-Diagramms eine Grenzenergie von 670 KeV. Die Energie 
des Partialspektrums betrigt demnach 479 KeV (670—191). Das 
Zerfallsschema des Pt1®’ zeigt Fig. 11. 


Das Elektronenspektrum des Hg187 und Au!§7 zwischen 1 und 10 KeV. 


Die Aktivitaét wurde im Cyklotron des Institutes durch die Reak- 
tion Au (p,n) Hg hergestellt, und konnte durch Verdampfen im 
Vakuum tragerfrei auf eine Goldfolie von 0,4 mg/cm? niedergeschla- 
gen werden. Diese Folie konnte direkt als Quelle im Spektrometer 
Verwendung finden. Fig. 12 zeigt das Spektrum, das mit einer Be- 
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schleunigung von 6 kV aufgenommen wurde. Das Zahlrohrfenster 
war 0,1 mg/cm? Formvarfolie. 


Dass eine Kern-y-Strahlung im Gebiet zwischen 1 und 10 KeV 
dieser Messung nicht hatte entgehen kénnen, zeigt folgende Uber- 
legung: Diese Strahlung wire vollstandig konvertiert. Die Wahr- 
scheinlichkeit dafiir, dass ein Elektron dieser Linie pro Zerfall des 
Hg?*? 23h emittiert wird, ware demnach 0,03, denn nur dieser 
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Fig. 12. 
Elektronenspektrum des Hg®?+ Au!®? zwischen 0 und 12 KeV mit Koinzidenzen. 











Bruchteil fiihrt iiber das fragliche Niveau. Als Konkurrenzprozess 
stehen dem die L-Augerelektronen gegeniiber. Eine Schiatzung der 
L-Augerausbeute auf Grund von Messungen der L- und K-Auger- 
gruppe im Spektrum des Au!®® ergibt etwa 25%. Addiert man alle 
Méglichkeiten fiir L-Augerprozesse im Zerfallsschema des Au!®? + 
Hg?*’, so erhalt man damit eine Wahrscheinlichkeit von 0,5 pro 
Zerfall des Hg19? 23 h. Die fragliche Linie miisste also eine Intensitat 
von ca. 6% aller L-Augerelektronen haben. Man kann berechnen, 
dass eine Konversionslinie von dieser Intensitat die Koinzidenzrate 
etwa um den Faktor 2 vergréssern miisste. Da die gemessene Koin- 
zidenzrate aber iiber den ganzen Bereich der L-Augergruppe inner- 
halb von 10% konstant ist, kann eine Konversionslinie selbst von 
dieser kleinen Intensitat ausgeschlossen werden. 


18 
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Aut, 


Spektralreines Platin wurde im Cyklotron des kernphysikalischen 
Institutes in Amsterdam mit Deuteronen bestrahlt*). Trennt man 
das Gold elektrolytisch vom Platin, so findet man noch folgende 
Halbwertszeiten: 39 h (Au?®4), 3,.2d (Au®), 5,6d (Au?%*) und 
185 d (Au}®5), Nachdem alle kiirzeren Perioden abgeklungen waren, 
wurde das Au}®5 tragerfrei auf eine diinne Goldfolie elektrolysiert. 
Fig. 13 zeigt das Spektrum mit 6 kV Beschleunigung. 





O° 





6 & 10 12 16 Kev 
Fig. 13. 
Elektronenspektrum des Au! zwischen 0 und 12 KeV mit Koinzidenzen. 


Beim Vergleich dieser Messung mit jener vom Au?*? + Hg19? 
fallt auf, dass die N-Augergruppe relativ zur L-Gruppe und zur 
Nullinie weniger intensiv ist. Um das verstindlich zu machen, muss 
einiges tiber die Praparate gesagt werden: Es hat sich gezeigt, dass 
die Goldfolie, auf der die Aktivitaét niedergeschlagen oder elektro- 
lysiert ist, auf der Formvarfolie, die als mechanischer Trager dient, 
nur haftet, solange kein elektrisches Feld angelegt ist. Um zu ver- 
hindern, dass die elektrostatischen Krifte des Feldes die Goldfolie 


*) Herrn Professor BAKKER sind wir fiir die Bestrahlung, die in seinem Institut 
durchgefiihrt wurde, sehr zu Dank verpflichtet. 
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zerstéren, haben wir das Praparat mit einer dariibergespannten 
Formvarhaut von 0,01 mg/cm? fixiert. Diese ist natiirlich bei 
jedem Praparat etwas verschieden und wirkt als Absorber. Aus- 
serdem diffundieren mit der Zeit die aktiven Atome etwas in die 
Goldfolie hinein, was wahrscheinlich gerade beim Au?®* mitspielt. 
Diese Selbstabsorption hat aber keinen Einfluss auf die Koinzidenz- 
rate und auf diese stiitzt sich ja die Interpretation der Messung. 


Auls9, 


Das bei der Bestrahlung mit langsamen Neutronen im Platin ent- 
stehende Pt} zerfallt mit einer Halbwertszeit von 28 min unter 
B-Emission zu Au}®®. Die Halbwertszeit des Au!®® betragt 3,2 d. 
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Elektronenspektrum des Au!®® zwischen 0 und 12 KeV mit Koinzidenzen. 


Man kann diese Aktivitat als Gold chemisch abtrennen und trager- 
frei elektrolysieren. Der £-Zerfall des Au?®® fiihrt zum stabilen Hg™. 
Fig. 14 zeigt das Spektrum. Die Nullinie erscheint hier intensiver, 
weil das Praparat relativ schwach war. 
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Aut, 


Bestrahlt man Gold mit langsamen Neutronen, so entsteht durch 
(n, y)-Prozess Au}®8, das mit 2,6 d Halbwertszeit zu Hg!®® zerfallt. 
Durch Elektrolyse kann man also kein tragerfreies Praparat her- 
stellen. Immerhin ist die spezifische Aktivitét des kauflichen Iso- 
topes so gross, dass das Spektrum gemessen werden kann. Fig. 15 
zeigt das Spektrum des Au?®8, 


NIK 








so 60 saw 
Fig. 15. 


Elektronenspektrum des Au}? zwischen 0 und 12 KeV mit Koinzidenzen. 


Diskussion. 


Die Messungen an den drei Isomeren Ag?®’, Ag?®® und Au?9%? zei- 
gen, dass ausser den schon bekannten Kern-y-Strahlungen keine 
weiteren Emissionen in dem untersuchten Energiegebiet vorkom- 
men. Ein isomerer Ubergang kleiner Energie konnte in allen drei 
Fallen ausgeschlossen werden. 


Bei den zwei Silberisomeren besteht damit eine Diskrepanz zwi- 
schen der aus der Lebensdauer-Energiebeziehung und dem gemesse- 
nen K/L-Verhialtnis hergeleiteten Drehimpulsdifferenz von 3 und 
der Forderung des strengen Einteilchenmodells. Mit dem Schalen- 
modell in seiner Fassung als Einteilchenmodell kénnen die Niveaux 
dieser Isomere also nicht mehr erklart werden. Beim Au?’ kann 
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diese Entscheidung noch nicht getroffen werden, weil der Multipol- 
charakter der y-Kaskade noch nicht hinreichend genau bekannt ist. 


Die Untersuchungen an den Kernen Au?*®* und Au?®® stehen in 
engem Zusammenhang mit den Zerfallsschemen, die in der folgenden 
Arbeit?®) beschrieben werden. Sie beweisen, dass hier die Uberein- 
stimmung mit dem Einteilchenmodell vollkommen ist, und dass 
keine weiteren Niveaux existieren. Fiir die in jener Arbeit auf- 
gezeigte Systematik beziiglich der Energie entsprechender Zustinde 
bei ug-Kernen, die sich um je 2 Nukleonen unterscheiden, war es 
namlich von fundamentaler Bedeutung, das Gebiet kleiner Ener- 
gien zu untersuchen. Die Existenz eines Niveaus kleiner Energie 
in einem der Kerne Au?®5, Hg!®? oder Au?%® hatte beziiglich der 
Zuordnung gemass dem Schalenmodell zu grossen Schwierigkeiten 
gefiihrt. 


Von allen hier untersuchten Kernen ist Hg?®8 der einzige gg-Typ, 
und dieser verdient noch in anderem Zusammenhang Interesse. Von 
verschiedenen Autoren!’) wurden hier verzégerte Koinzidenzen ge- 
funden, die einem Niveau von sehr kleiner Energie zugeschrieben 
wurden. Dieser Ubergang sollte zeitlich dem Ubergang von 411 KeV 
folgen. Ein solches Niveau im Au?%® wire aber eine interessante 
Ausnahme, denn nimmt man der j-7-Kopplung entsprechend an, 


dass die angeregten Zustiande in einem gg-Kern durch Aufbrechen 
eines Paares von zwei Nukleonen entstehen, so sollte dazu eine 
relativ grosse Energie gehéren Dieses Verhalten ist auch durch die 
Erfahrung bestiatigt?*). Unsere Megsungen kénnen aber diesen Uber- 
gang bis 1 KeV ausschliessen. 


Unserem verehrten Lehrer, Herrn Professor Dr. P. ScuerReEr, 
sind wir fiir sein férderndes Interesse an dieser Arbeit zu Dank ver- 
pflichtet. 
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On the decay of some odd isotopes of Pt, Au and Hg 
by A. de-Shalit*), 0. Huber, and H. Sehneider, Phys. Inst. der ETH., Zurich. 


(4. XII. 51.) 


Zusammenfassung: Der Zerfall der Kerne Pt?®5*, Au! und Au}? wurde unter- 
sucht. Fiir die Messungen wurde eine Koinzidenzanordnung im £-Spektrometer 
beniitzt. Zerfallsschemen sowie Konversionskoeffizienten werden angegeben. Die 
Resultate werden diskutiert unter dem Aspekt des Schalenmodells und es wird 
nachgewiesen, dass alle angeregten Zustande in diesen drei Kernen, sowie auch im. 
Hg?®’, mit den Forderungen eines Einteilchenmodells nach Mayer vertraglich sind. 


Introduction. 


The existence of a shell structure in nuclei has recently been 
determined in many different ways!-*). One usually notices that 
a certain property of nuclei, when plotted against the number of 
protons or neutrons in the nucleus, has a breakdown at certain 
‘““magic-numbers’’ which is interpreted as an indication for the 
beginning of a new shell. 


Since the recognition of these magic-numbers, the first aim of a 
nuclear model has been to explain the closing of the shells at these 
numbers. This could be achieved by different models4—®), and the 
further choice among them is dictated by the behaviour of each of 
them all along the shell. 


The model of Mayer, which is usually considered to be the most 
successful one, is, at least for the ground states, a single particle 
model. The natural question is whether this single particle model 
can be extended to include also excited states, and to what an 
extent. 


In order to calculate nuclear energy levels one may proceed in the 
following way: 


An effective potential-well is postulated and the eigenstates in it 
are derived. One then considers the different configurations obtained 


*) Now at the Palmer Phys. Lab. Princeton N. J., U.S.A. 
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by distributing those nucleons which are not in closed shells or sub- 
shells among the empty states. Each such configuration, which in 
the j-7-coupling scheme will be characterized by giving the occupa- 
tion numbers n, of the different sub-shells (77', 73°, ...), has generally 
a number of terms arising from different relative orientations of the 
angular momenta of each nucleon. 


In Mayer’s model the lowest configurations are those in which 
there is exactly one odd occupation number (for odd A nuclei), and 
further, the lowest term in each configuration has the spin and 
parity of that state to which the odd particle belongs. That is: the 
lowest state of a configuration is a single-nucleon state. 


A priori there are no serious objections to a situation in which the 
energy differences between the lowest terms of some different con- 
figurations will be smaller than the difference between the lowest 
term and the next one in the same configuration. That is: a single 
particle model could, in principle, exist for the first few excited 
states of odd nuclei. It could be realized, for instance, among par- 
ticles moving in an oscillator potential-well slightly deformed. As is 
well known the energy levels of the (three dimensional) oscillator are 
degenerate with respect to the orbital angular momentum, and thus 
a slight deformation of this potential could give rise to a situation 
in which the “single particle levels” are lower than the excited 
terms of the lowest configuration. 


As in Mayer’s model the effective potential is a slightly deformed 
oscillator well, it might be well expected that the lowest excited 
states will in fact be single-particle ones. 


This assumption is further strengthened by comparing the energy 
levels of odd-even nuclei with those of the neighbouring even-even 
ones. In general the first excited state of an even-even nucleus is 
higher than the first few levels in its odd-even neighbours. Even- 
even nuclei show a tendency of having more or less equi-distant 
levels of the same parity and whose spins differ by two units: 
0 — 2—4. This situation is characteristic for the terms formed by 
the excited states of a configuration of equivalent particles. Thus, 
if we really interpret these levels as such, the interpretation of the 
first excited states of odd-even nuclei as single particle ones would 
get further support. It should be noted that a big energy difference 
between the terms of a configuration of an even number of nucleons 
does not necessarily imply the same distance between the terms of 
a configuration of an odd number of nucleons. It serves merely to 
give an idea of the energy needed to “break” the pairmg between 
the nucleons. 
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Another check on the validity of the single particle model for the 
first excited states of odd nuclei arises from the following simple 
considerations : 


If the separation of the levels in a configuration is smaller than 
the separation between the lowest states of different configurations, 
one would expect to find similar decay schemes for two nuclei of 
which the one has n particles in the outmost shell and the other has 
n holes; the decay schemes of successive odd nuclei should be in 
principle different. If, however, the single particle model predomi- 
nates, one should find, for odd A nuclei, exactly the same decay 
schemes all along the shell. That is: 


all odd A nuclei having their odd particle in the same sub-shell 
should have the same “set” of levels, the relative positions of 
which should vary continuously from one nucleus to the other®). 


This work was undertaken in order to check if this result holds or 
not, and we chose for this purpose some odd A isotopes of Pt, Au, 
and Hg. The previous decay schemes of the isotopes we were about 
to examine would have definitely contradicted the above conclusion, 
as they were substantially different from each other. It therefore 
seemed worth while to check them with refined technique. 


For this purpose we used a magnetic lens spectrometer supple- 
mented by a coincidence arrangement which enables the measuring 
of the number of coincidences of each conversion line with all its 
“‘partners’’. This was technically done by placing a scintillation 
counter just behind the sample and taking coincidences between all 
the electrons measured in this scintillation counter and electrons of 
definite energy arriving at the Geiger counter on the other side of 
the spectrometer. This arrangement and its applications are de- 
scribed elsewhere?®?4), 


As for the samples, it was found most useful to prepare them by 
electrolysis. We could get very nice results by using as cathodes thin 
( ~ 0,4 mg/cm?) gold foils which were floating on the solution to be 
electrolysed ; we were thus sure that the active material was deposited 
on one side of the backing only, and the backing effects could be 
minimized. 


In Chapter I we give experimental results on some odd N nuclei, 
and in Chapter II we shall discuss their decay schemes and others 
from the standpoint of Mayer’s shell model. 
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CHAPTER I. 
Spectroscopic measurements. 
A. The Pt n-y-produets. 


Spectroscopically pure Pt was irradiated by neutrons in the pile 
of HarweELu. Except for possible isotopes of short half-lives the 
periods found were of 18", 3,16%, 3,84 and ~ 70°. 

The 18" activity is known to be due to Pt?®? decaying to the 
77 keV and 268 keV levels in Au?9? 12), The 3,164 activity is due 
to the B-decay of Au?®® to Hg?®® 1%); the Au? is produced from 
the 29™ Pt?®*. As will be shown later the 3,8¢ activity arises from 
an isomeric transition in Pt?®5, The 70% activity, which was of a 
very low intensity, is probably due to some impurities of Ir which 
has a very high cross-section for the n-y-reaction. 


§1. Au??; experimental results. 


The electron spectrum of Au?%® is shown in Fig.1 together with 
the coincidence spectrum. The interpretation of these graphs is 
given in Table I. 
Table I. 


Energy of : Relative Coincidence 
conv. line in keV ea anaes intensity *) rate **) 








M Auger 
L Auger 


50,6 L 5,83 12,2% 
50,6 M ore 
K Auger 
157,5 K 22,7 8,6% 
208,1 K 11,3 7,5% 
157,5 L 33,7 8,1% 
157,5 M 1,7 8,0% 
194 _ 208,1 L 2,0 7,1% 
205 208,1 M 0,8 




















*) These values were taken from another measurement with a better resolving 
power (1,5%). 

**) Simple considerations show that the coincidence rate (number of coincid- 
ences per electron counted on the conversion line) at different points of the same 
line should be equal (indeed, deviations from this constancy were used to establish 
an overlaping of two different lines). The coincidence rates listed in the Table are 
averages of 4—5 points on each line; the fluctuations do not exceed 5% in any 
case and are less than 2% in most of them. 
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Fig. 1. 
Electron spectrum of Au!®?. 
Upper curve—single counts; lower curve— coincidences. 
“a” was taken with an acceleration of 6 KeV. 
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Fig. 2. 
Kurie plot of B-spectrum of Au!®®. 
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Fig. 2 shows a Kurie plot of the f-spectrum of Au?®® which 
demonstrates the definite existence of two spectra of maximum 
energies 291 + 5 keV and 443 +7 keV. Some 93% of the #-transi- 


N B32 











7000 
Fig. 3. 


Photo-electrons of Au!®® 


Table II. 





Energy of photo line Interpretation Relative intensity 





55 keV X-rays L 

64 keV X-rays M 

76 keV 157 K 25 
127 keV 208 K 5,2 
145 keV 157 L 9,5 
155 keV 157 M 
196 keV 208 L 1,4 

















tions go to the excited states in Hg?®®, whereas 7% decay directly 
to the ground state. 

Fig. & shows the photo-electron spectrum of Au!®® taken with an 
Au radiator of 2,6 mg/cm? thickness. The interpretation of this 
graph is given in Table II. 
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An attempt to find angular correlation between the K conversion 
electrons of the 208 keV y-ray and the rest of the spectrum, as well 
as between the K conversion electrons of the 157 keV y-ray and 
the rest of the spectrum, gave negative results!4), 


Discussion of experimental results; decay scheme. 


From the K — L differences it is seen that the 208 and the 157 keV 
y-rays are most probably converted in Hg. The 51 keV y-ray has 
an appreciable amount of coincidences so that this y-ray, too, should 
be converted in the same nucleus, for otherwise it will have no 
partner to be in coincidence with. 


These results agree with those of H1iu15). No indication could be 
found for the lines of 24 keV, 70 keV, and 230 keV reported by 
BEaAc8 et al.+%). 


The difference in energy between the two main f-spectra (Fig. 2) 
indicates that they are leading to the initial and final levels of the 
157 keV y-transition. The fact that the 50,6 keV y-ray and the 
157 keV y-ray sum up to give 208 keV, suggests that the first two 
are in cascade with each other and in parallel with the last one. 


The absence of photo-electrons of the 51 keV y-ray (Fig. 3) puts 
an upper limit of 10% for the ratio of the non-converted 51 keV 
y-ray intensity to that of the X-rays. That is: if we denote by x*! 
the total conversion coefficient of the 51 keV y-ray (x = N,/N, 
% = %, + x,+ xy), and if uw, is the number of transitions via the 
51 keV y-ray per disintegration of Au!%®, etc., we have: 


Msi (i— et) <0,1 [M457 a + Hoog xe’ ]. (1) 
It is clear that: 


51. 157. 208 _ 751. 7157. 7208 ‘6 
My"? Mys7 Ke Moog %@q = 2: LZ ZK (2) 


so that by introducing (2) into (1) one gets: 


1 gist 5 see 
(4: —-1)<01—4* (3) 


Inserting the values given in Table I for the relative intensities of 
the conversion lines one gets from (3): 


x51 > 0,70. (4) 
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To determine now whether the 51 keV y-ray follows the 157 keV 
one or preceeds it, we note that in the first case the number of the 
51 keV transitions is at least as big as that of the 157 keV ones, 
so that: 


Zs —— 
+ — ST > Z157 | 


Therefore, assuming that the 51 keV y-ray follows the 157 keV one, 
would lead to the relation 


Zl >0,7 Z187 


which is seen not to be the case (Table I). Thus, if they are at all 
in cascade, the 51 keV y-ray preceeds the 157 keV one. This is also 


199 
794u"9 aod 


Decay scheme of Au}, 


confirmed by the decay of the 44™ isomeric state in Hg®, since 
there is no indication of either a 51 keV or a 208 keV y-ray, the only 
ones found being a 368 keV and the 157 keV y-rays. 


It is thus suggested that the decay scheme of Au1**-Hg!®® is as 
shown in Fig. 4. 


Our experimental data enable now a further check on this decay 
scheme, as well as the determination of the conversion coefficients 
and the different branching ratios. 
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We use the following symbols: 


= number of disintegrations per unit time, 
= number of conversion electrons counted per unit time, 
number of coincidences per unit time of a conversion line with 
all its partners, 
= solid angle of the scintillation counter, 
solid angle of the spectrometer, 
branching ratios for the spectra, 
branching of the 208 keV level via the 51 keV transition, 
efficiency of scintillation counter for electrons of momentum p, 
= ‘‘shape”’ function of the spectrum [/ f(p) dp = 1], 
= coincidence rate on a conversion line. 


The following relations are easily proved: 
Zhu =NAy- Mos, X1 4 
Zit.m = N (Ag +, U) My kL, M 


ZM = NA, (1—p) Dp we, M 


Ki = Zi es,| [fs (9) €(P) dp +5 el «3° 


i=K,L,M 
A 
KR, w= Zs, Ose |e — | fal) €(P) dp + x 
X (f, (P) e(p) dp + Sef xi) 
i=L,M 
KRM a ZR 1,M ose [hh (p) e(p) dp 





Combining (5) and (6) one gets: 
gis? 


- 157 4,157 __ 157 JY .157 “i 
Bs, — Boos = sed, xi" = we, x" Die; Zs? 
i=K,L,M 


(B, -£. ) Z157 
_— woe, Eett AD Acedid " (7) 
ec i 7 


x 


From the experimental values of 8 (Table I) we see that the 
coincidence rates for the K conversion lines are bigger than the ones 
for the corresponding L and M lines. This different coincidence rate 
for the K conversion lines is due to additional coincidences with the 
K Auger electrons. The efficiency of these electrons in the scintil- 
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lation counter arrangement is 50%). Taking the Auger coefficient 
in Hg to be 0,061”) one finds, with w,, = 0,13, that the Auger 
contribution to the coincidence rate for a K conversion line in Hg 
is 0,4%. This just explains the above difference. (That the 
difference in B is really due to coincidences with the K Auger 
electrons can be nicely shown by picking up from the crystal, with 
the help of an attenuator, only the big kicks caused by high energy 
electrons; in this case the K Auger electrons efficiency is very low 
in relation to the efficiency of the other electrons present!*) and the 
coincidence rate is then exactly the same for all conversion lines of 
the same y-ray.) 

Subtracting the above 0,4% from the coincidence rates on the 
K conversion lines given in Table I, we get the following average 
values for the coincidence rates on the three lines: 


B51 = 12,2% Bi5, = 8.1% Boog = 7.1% (8) 
Substituting these values in (7) we get: 
x? — 0,50 + 0,02. (9) 


To determine the conversion coefficient of the 208 keV y-ray we 
use the photo-electron measurements. The efficiency of the Au 
radiator for 157 keV and 208 keV y-rays was determined by inter- 
polation from experimental calibrated points. The calibration was 
done with the 172 keV and 247 keV y-rays of In!!. As is easily 
seen one has, for any decay scheme: 


208 157 
cs 
Zr2s * Zis7 


and we find experimentally 


1-28 4- 


Ao Ge = 088. (10) 
Combining (9) and (10) we get: 
478 — 0,55 + 0,05. (11) 


It should be noted that correcting factors which were neglected 
in evaluating (11), such as absorption of the y’s in the sample and 
its container, tend to increase this value. It is estimated that they 
could raise this value by 5—10%. 

The relation (10), which is independant of the decay scheme, ex- 
cludes the possibility that the 208 keV y-ray will follow the 157 keV 
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one; for this value means that the conversion coefficients of both 
y-rays are roughly equal, and thus if the 208 keV y-ray would follow 
the 157 keV, its conversion electrons should be at least as numerous 
as those of the 157 keV y-ray, and this is easily seen not to be the 
case (Table I). 


Taking in addition into account the relatively high coincidence 
rate of the 51 keV y-ray, which shows that it must be in coincidence 
with at least two lines or a line and a spectrum, one can see that only 
the given decay scheme is consistent with all the experimental data. 


The small difference in the coincidence rate for the 157 keV y-ray 
and for the 208 keV y-ray is partially due to the 157 keV being in 
cascade with the 51 keV transition, and mainly to the fact that the 
spectrum leading to the 157 keV level is of a higher energy than the 
one leading to the 208 keV level, and thus has a bigger efficiency in 
the crystal. This was proved by noticing that this difference grew 
relatively bigger when only the higher kicks from the crystal 
were allowed to contribute to the measured coincidences. 


By means of the conversion coefficients it is now easy to determine 
the branching ratios. We get: 


0,22 <p <0,80 0,20 <A,/(Ay + A) <0,28. (12) 


Table III. 
The transitions in Hg?®®. 





x (= N,/N) a (= N,/Ny) 
L M K L M 








> 0,54 |>0,16 — |>1,8 
0,25| 0,08 0,33 0,50 
0,08} 0,03 0,98 0,17 






































§ 2. Pt! ; experimental results. 


The Pt fraction of the neutron irradiated Pt decayed with two of 
the periods referred to above, namely: 18" and 3,8*, 

Fig. 5 shows the electron and the coincidence spectra of the Pt 
fraction. The interpretation of these measurements is given 
in Table IV. 

The information one can get from these measurements is mainly 
qualitative rather than quantitative due to the fact that some of 
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Fig. 5. Electron spectrum of Pt}95, 
Upper curve-single counts; lower curve — coincidences 


“a” was taken with an acceleration of 6 KeV. 


Table IV. 





Energy of P : Inter- 
conv. line keV veneieend, lesecsiien pretation 





3,84 L Auger 
3,84 
3,84 29 L 14 % 
3,84 97 K 11,5% 
3,84 29 M+N 14,4% 
3,84 129 K 1,0 7,3% 
18h 77L 
18 ‘| TM 
3,84 97 L 0,75 12 % 
3,84 97 M 0,2 
18 191 K 
3,84 129 L 3,8 3,2% 
126 3,84 129 M 1,8 3,0% 


























*) The relative intensities were measured after the short period (18 h) had 
decayed; those not given could not be evaluated because of the absorption in the 
sample. 

**) The coincidence rate measurements in the spectrometer were carried out 
after the 18 h activity had decayed, both in the neutron irradiated Pt and in a 
deuteron-irradiated Pt, which was also found to contain the 3,8 d activity in its Pt 
fraction. 
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the important lines are of such a low energy that the absorption of 
the electrons in the rather thick sample prevents any evaluation of 
their intensity. We therefore measured in addition the photo-elec- 
trons emitted from a 2,6 mg/cm? Au radiator. These are shown in 
Fig. 6. 


Discussion of experimental results; decay scheme. 


Our sample was not carrier-free and indeed absorbed considerably 
the low conversion lines. Nevertheless it is believed that the measured 
K — L differences do represent their real values. The L Auger- 
electron group, which retains its form in our sample, supports this 
assumption. We thus conclude that the 97 keV and the 129 keV 
y-rays are converted in Pt or Au; Ir is excluded. We can further 


N 
2 








700 800 900 1000 100 He 
Fig. 6. 


Photo-electrons of Pt!*. 


exclude their conversion in Au from the absence of a £-spectrum. 
Thus an isomeric state in Pt is established. 


The fact that all three lines: 29 keV, 97 keV, and 129 keV, have 
the same half-life suggests that they might be in cascade, if they all 
belong to the same nucleus. 


The 129 keV and the 97 keV y-rays are both converted in Pt; as 
the 29 keV y-ray has coincidences and as the only electrons of the 
same period of 3,8¢ are the conversion electrons of the 129 keV and 
97 keV y-rays, we conclude that the 29 keV y-ray is also converted 
in Pt. For reasons to be given later we fix the order of the three 
y-rays as shown in Fig. 7. 
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From the coincidence rate on the 97 keV conversion lines one 
concludes immediately that the 129 keV y-ray is totally converted. 
(The 29 keV y-ray contributes next to nothing to this coincidence 
rate because of the very low efficiency of the scintillation counter 
for its conversion electrons.) 


The relative intensity of the 97 keV conversion electrons, com- 
pared to this of the 129 keV lines, could serve only as a rough lower 
limit to its conversion coefficient because of the uncertainties in the 


Au™ 


hy, 255kev 


fy, 126kev 
97 keV 


7 4 2126 kev 
~ 100% 


Py 
Decay scheme of Au?®5— Pt195, 


absorption in the sample. We can therefore get a better value from 
the intensity of its photo-electrons as compared to the intensity of 
the X-rays photo-electrons (Fig. 6). For this we only need the re- 
lative efficiency of our radiator for L photo-electrons of the Pt 
X-rays and the 97 keV y-ray. The L photo-electrons efficiency for 
Hg X-rays, 157 keV and 208 keV y-rays could be easily determined 
from the photo-electron measurements in Au*® (Fig. 3), and from 
this we determined, by interpolation, our data. The resulting value 
for x*7 is: 


x97 = 0,90 + 0,05. (18) 


To determine the true K/L ratio of the 97 keV conversion electrons 
we proceed in the following way: assuming ~12® = 1 we see from 
Table IV that x‘? = 0,12; combined with equation (18), we get: 


(K/L) 97 = 5,7. (14) 
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Concerning the 29 keV y-ray one can say that x7 > x%, since 
the absorption of the 29 L line is bigger than that of the 97 K, and 
the experimental peaks are roughly equal (Fig. 5). Thus: 


29> 0,75. (15) 


It is difficult to draw any quantitative results from the measure- 
ments of the coincidence rates for each of the lines. Most of the 
conversion lines with which we have to do in this case are of such 
a low energy that they fall on the steep part of the efficiency curve 
of the crystal. Thus relatively small variations in the energy due to 
scattering of the electrons in the sample and in the backing affect 
strongly the efficiency, which cannot therefore be controlled. 


The most outstanding feature of these coincidence measurements 
is the big difference in 8 between the K conversion line of the 129 keV 
y-ray and its L and M conversion lines. This was checked in a 
number of samples, and always gave the same result. A satisfactory 
explanation for it, which will be much supported later, is the exist- 
ence of another y-ray, of energy nearly equal to 129 keV, with a 
higher coincidence rate and bigger K/L ratio than those of the 
129 keV y-ray. One notices immediately that the cross-over transi- 
tion 29 + 97 could fulfill these requirements if it were of low enough 
intensity to “hide” itself in the tails of the 129 keV conversion 
lines, and if it had a big enough K/L ratio. Its high coincidence rate 
will be explained by its being in cascade with the 129 keV y-ray. 


As the number of transitions via a 126 keV y-ray (the cross-over 
transitions) is at any rate small, the 129 keV y-ray is effectively in 
coincidence only with the 97 keV y-ray in our coincidence arrange- 
ment (since the 29 keV conversion lines have zero efficiency at the 
crystal). Similarly the 97 keV y-ray is effectively in coincidence only 
with the 129 keV y-ray, whereas the 29 keV y-ray is effectively in 
coincidence with both the 97 keV and the 129 keV y-rays. Thus we 
should have: 


Boy ~ Bor + Brzg- (16) 


Inspection of Table IV shows that this is very nicely fulfilled if we 
take for B29 the value measured on the 129 LZ or 129 M lines, 
giving one further support to our decay scheme. 
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B. The Pt d-x.n products. 


Pt was irradiated with deuterons in the cyclotron of the Instituut 
voor Kernphysisch Onderzoek in Amsterdam*). The Au fraction 
was separated electrolytically; it showed the known half-lives of: 
39" (Au 194), 1804 (Au 195), 5,64 (Au 196), and 3,24 (Au 199)?%). In 
the Pt fraction the 3,8¢ activity was found, and its spectrum agreed 
in all details with the 3,84 activity from the neutron-irradiated 
Pt. No activity of intensity comparable to the 3,8¢ one and with 
a longer half life was found in the Pt fraction. 


§ 3. Au’; experimental results. 


The electron spectrum of the long lived Au?® is shown in Fig. 8, 
along with its coincidence spectrum. Although the decay of each 
line was not followed long enough to find small differences in their 
half-lives, it is believed they all have the same period since their 
ratios did not show any systematic increase or decrease. The inter- 
pretation of the spectrum is given in Table V together with the 
coincidence rate on some of the lines. 


Table V. 





Energy of 


POISE ag OE Interpretation Relat. inten. | Coinc. rate | 





8 
10 ZL Auger 
12 
15 29 L 
97 K 
24 29 M 
29 N 

49 126 K+ KLL Auger 

51 

59 K Auger 

62 

83 97 L 9,2 

93 97 M+N 2,4 
113 126 L 0,55 
124 126 M 0,2 




















*) We are deeply indebted to Prof. Bakker for carrying out this irradiation in 
his institute. 
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The interpretation of the Auger lines as such is based on energy 
considerations as well as on the fact that they were the only ones to 
follow a “compound” half-life composed of all the initial half-lives 
present in the Au fraction. 


Discussion of experimental results; decay scheme. 


The most striking feature of these measurements is the reappear- 
ence of the 29 keV and 97 keV y-rays previously found in the neu- 
tron-irradiated Pt. Unfortunately the Pt sample was much thicker 
than this carrier free Au sample, so that no comparison of the K/L 
ratios can be done. However, the facts that the (L/M),, ratio is the 
same in both cases and that the y-rays agree so well in energy 
favour very much their being the same lines. 














Electron spectrum of Au, 
Upper curve-— single counts; lower curve — coincidences. 


Thus we justify, a posteriori, the assignment of mass number 195 
to the 8,84 isomeric state in Pt. 

We further notice that although the Au sample is thinner than 
the Pt one, the 29 keV y-ray is more intense in the second one. As 
the lines in the Au sample are formed through a K capture, this is 
only possible if the 29 keV y-ray is above the 97 keV one. 

A y-ray of 126 keV and low intensity is seen to exist in the Au 
sample (Fig. 8). It was of great importance to clarify whether this 
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is the same one as the 129 keV y-ray found in the Pt sample.or not. 
If it were the same, then from intensity considerations one would 
conclude that the 129 keV y-ray is above the others, and is thus 
responsible for the existence of the isomeric state in Pt. This would 
mean that the 129 keV y-ray probably starts from a level of a high 
spin. As it is very improbable that a single level in Au will decay 
by K-capture to three levels in Pt which differ much in their spins, 
the identity of the “126” keV y-ray and that of the 129 keV would 
imply the existence of an isomeric state in Au!®5 which decays to 
the isomeric state in Pt!®5 with roughly the same half-life of 180°. 


To clear this point it was not enough to measure the energies of 
the conversion lines, because the K conversion line of the 126 keV 
y-ray overlaps partially the KLL Auger lines and the exact position 
of the maximum is not to be determined with the resolving power 
at our disposal. For the same reason it is impossible to draw any 
conclusions from the K/L ratio. The position of the L conversion 
lines will not settle the problem either, as variations in the relative 
intensity of the L,, Ly, and Ly; conversions may account for the 
coincidence of the ‘‘L”’ conversion lines of two slightly different 
y-rays. 

However, if the two lines are the same then the coincidence rates 
on both of them should be equal as can be seen by very simple 
considerations. Anyhow, any deviations from equality, caused by 
absorption in the sample and other by-effects, could only be in such 
a direction as to reduce the coincidence rate in our Pt sample. 
Comparison of Tables IV and V proves definitely that these two 
lines are different. The most natural assumption will now be that 
the 126 keV y-ray is the cross-over transition (29 + 97), which is 
thus fed from the same level in Au as are the 29 keV and 97 keV 
y-rays, and whose existence is also needed to explain the different 
coincidence rates on the 129 K and 129 L lines in the Pt sample. 
The decay scheme of Au1®5 would thus be as shown in Fig. 7. 


A further check on this decay scheme is provided by considering 
the coincidence rates on the different lines; one should only re- 
member in this connection that every line which is in coincidence 
with K Auger electrons (as is the case for all K conversion lines and 
for every conversion line which follows a K-capture) has, in Pt, a 
coincidence rate of 0,4% (see the discussion following Formula 7). 
We then see that the coincidence rates on the 126 keV conversion 
lines, as well as on those of the 97 keV y-ray can be attributed to 
this effect. (The 97 K line is twice in coincidence with K Auger 
electrons: with those arising from the K-capture and with those 
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resulting from the filling of the holes in the K shell produced by the 
K conversion.) The additional coincidence rate on the 29 keV con- 
version lines arises from coincidences with the 97 keV conversion 
electrons; this rate fits with the coincidence rate on the 129 keV 
conversion lines in the 3,8¢ Pt?95, which are also in coincidence with 
the same 97 keV y-ray. 


Using previously determined absorption curves of the counter 
foils we used??), and neglecting the absorption in the carrier free 
Au sample, we get, using the data of Table V: 


(K/L), = 5,8 £ 0,8 (L/M)oy = 4,6 + 0,4 (17) 


in good agreement with (14) obtained in the Pt sample. 


Using the values x*’ = 0,9, x = 0,76 we get that 35% of the 
K-captures go to the 126 keV level and 65% go to the 97 keV level. 


The total conversion coefficient of the 126 keV y-ray could not 
be determined, but if one takes «, from the tables of Ross et al.?8), 
together with the K/L ratios from the experimental graphs for this 
ratio?®), one finds that its conversion is not less than about 70% 
(for E 2; E 1 is very improbable), and thus that no more than 10% 
of the decays from the 126 keV level in Pt!®> are going via the 
cross-over transition. 


Table VI summarizes the results obtained for the different y-rays 
appearing in the decay of Au?%”-Pt1%5, 


Table VI. 








Tot L 








>0,88 > 6,0 
0,90] 7,4 1,3 





very big 
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CHAPTER II 
Spin assignments. 


§ 1. Theoretical predictions. 


We shall now try to assign the spins and parities to the different 
states of the nuclei considered in the previous chapter as well as of 
other ones, and see to what extent can the shell-model be applied 
to these states and whether the rule referred to at the introduction 
holds or not. That is: we shall try to see whether successive odd 
nuclei which have their odd particle in the same sub-shell have or 
have not similar decay-schemes. 


Let E(j) be the energy of one nucleon in the state j, and let E*(7) 
be the energy of a pair of equivalent nucleons in the state 7. That is: 


‘ E* (j) = 2E(j) — P(j) (1) 


where P(j) is the pairing energy in the state 7. 


For the sake of simplicity we shall talk of the ‘‘multiplet”’ of all 
the terms arising from a certain configuration of nucleons coupled 
according to the j-7 coupling scheme. This should not be confused 
with the spin multiplets in the L-S coupling scheme. The “‘ground 
state” of a certain configuration would be the lowest term-in its 
multiplet. We shall measure all energies from the bottom of the 
potential well, so that all energies are positive, and a bigger energy 
means a less bound state. 


Let us consider two states — j, and 7, — of which the first is the 
lower; that is: 


E(j;) < E (je). (2) 


Let us further assume that 7, is also a lower state for pairs of 
nucleons, i.e.: 


E* (j,) < E* (jz). (3) 


In spite of these relations it is sometimes possible that the ground 
state of the configuration 7"—! 72 will be lower than any other con- 
figuration of n +1 nucleons, especially the configuration 7? 4}, if n 
is the number of particles in the closed shell 7, (n = 2 9, + 1). 
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To see what are the conditions for such a situation to be realized 


we note that the energy of the configuration 7%~' 93 is: 
E(n —1,2) = (n —2)/2 E*(j;) + E(j3) + B* (j2), (4) 


and similarly: 
E (n, 1) = (n/2) E*(j,) + E (92) (5) 
so that: 


E(n—1,2) — E(n, 1) =[E* (72) — E*(j;)]-[E G2) —E(1)]. (6) 


Therefore: the ground state of the configuration j%~' 7? will be 
lower than the ground state of any other configuration provided 
the following inequality holds: 


[E* (je) — E* (1) ] < [E (2) — F(a) (7) 


and provided n = 27, + 1 (otherwise j%*! is lower). From (1) and 
(2) we now get that a necessary condition for the existence of (7) is: 


P(j2) — Pi) > E(j2) —E (jy) > 9. (8) 


It will be recalled that in Mayer’s model®) the pairing energy of 
nucleons in some states is assumed to bring these “‘paired”’ states 
so much lower that [E*(j,) — E*(j,)] < 0. This is easily seen to be 
an extreme case of our considerations. 

For the sake of brevity we should like to call the above effect as 
that of ‘“‘delayed closing”’ of sub-shells. 

Pt?®, Hg?®?, and Hg?% are all odd-neutron nuclei which have 
their odd neutron in the (82 — 126) shell. The shell model predicts 
for neutrons in this shell the following states: 


hy)» baja Ps)» Pijy> figs Viaje: 


The energy of the states probably increases in this order. As the 
pairing energy is bigger for states of higher spin, we could expect 
a delayed closing of sub-shells only when the higher sub-shell has 
a higher spin too. Thus in the (82— 126) neutron shell, the pj) 
could remain unfilled while the upper sub-shells fo and 439 are 
being filled. . 
Table VII contains the occupation numbers of the different levels 
for an odd nucleus which has 117 neutrons (such as Pt?®5), as would 
be predicted by the shell model for the first few excited configura- 
































Table ' 





Calculated «x 





E3|E4/M1|M2 





2,8 (3,6 |17,5 
5} 1,7 (3,9 |7,6 |38 


1,8 












































able VII. 






































fsie ti3/2 Energy difference 
6 6 0 
6 7 E(13/2) — E(1/2) 
5 6 [ #*(1/2) — B*(5/2)]— [£(1/2) — £(5/2)] 
6 6 [ #*(1/2) — B*(3/2)]— [ £(1/2) — £(3/2)| 
6 5 [ £*(1/2) — H*(13/2)]— [| £(1/2) — #(13/2)] 
3 8 [B*(1/2) — B(1/2)]— [#*(5/2) — B(5/2)] 
+ [£*(13/2) — B*(5/2)] 
ble VIII. 
Expected K/L 
— ee Ref. 
(3 |M4 ii E1| E2|E3 E4|M1|M2|M3|M4 
3 | 200) 0,26 0,41 | 0,17 1,3 |0,32|Present Work 
160 5,8 <0,2 7,4 | 3,9 Present Work 
7 | 86] 0,45 0,42 1,7 }0,52 10) 
0,42 0,41 | 0,17 1,3 |0,32 10) 
0,67 0,40 1,65} 0,30] Present Work 
5,65 1,0 7,8 | 6,0 | 2,4 | Present Work 
1,6 2,45 4,4 | 1,62 “" 
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tions, together with the energy difference between the lowest state 
of each configuration and the ground state G. 

With the assumption of the single particle model the ground 
states of the configurations G, A, B, C, D, E are respectively: p,)., 
43/29 f52> P3j2» tiga, aNd fs2, and thus these should be the first few 
excited states in nuclei having 117 neutrons. It is easily seen that 
the same excited states should also occur in nuclei having any 


pr?” Au?” Hg’97 


T=23" 
97% % 
164 Kev 


T=7-10 sec f 
»% 
133 Kev 


Fig. 9. 
Decay scheme of Hg?®’. 


number of odd neutrons between 111 and 125, except the states A 
and D which do not appear at N = 125 and N = 111 respectively. 
States like EH have little chances to be excited in usual cases since 
a transition to them usually involves a double nucleon transition 
and this is forbidden in a strict single particle model. Usually they 
are quite high too. 


§ 2. Comparison with experiment. 


Table VIII gives the experimental conversion coefficients and 
K/L ratios of some transitions in Pt and Hg, together with the 
calculated!) values of x, and the expected K/L ratios?®) for different 
multipole orders. For energies lower than 150 keV the values of «x 
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were obtained by extrapolation. The expected K/L ratios were 
obtained by interpolation from the experimental graphs of K/L 
vs. Z?/E; they are intended to give a rough estimate rather than 
an accurate value of the K/L ratio. 


Pt1%5, 


The spin of Pt!® in the ground state is measured to be 1/2, and 
the magnetic moment suggests it is a p,. state. The «, of the 97 keV 
y-ray could not be measured accurately because of its high value, 
but even with the relatively big error one sees from Table VIII that 
it could fit either with an E 4 or an M1. However, the high K/L 
ratio of the 97 keV y-ray and its short half-life (< 10-® sec as can 
be ascertained from our coincidence measurements) favour the M1 
assignment rather than the E 4. Taking into account the spin of 
the ground state this shows that the 97 keV level is py). 

The ground state of Au1®5 is probably ds. (as are the ground 
states of Ir1®* and Au?®’, where both the spins and the magnetic 
moments are known). As the two K-captures from this state do not 
differ much in energy (29 keV) and are of the same erder of inten- 
sity, we conclude that the 126 keV level could be p,)., psi or fs/2 
(opposite parity to that of ds. and with AI = 0 or 1). If it were 


P12 OF Ps the 29 keV y-ray and the 126 keV would both be M1. 
This would not fit the experimental results which show that the 
126 keV transition is less probable than the 29 keV one. We there- 
fore conclude that the level at 126 keV is f;).. 

As for the isomeric transition, its high conversion suggests it is 
a magnetic multipole, and its K/L ratio fixes it as an M 4. Thus the 
level at 255 keV is 43). 


Hig**’, 


The spin of the ground state is probably 1/2 and the state is a pj). 
(the same as in Hg?9*). The 133 keV transition fits very well with 
an E 2 (Table VIII) and fixes the intermediate state as f,).. The 
half-life of the intermediate state also fits with the assignment of 
this multipole order for the 1383 keV y-ray). The isomeric transition 
fits nicely the predicted values for «x and K/L ratio of anM 4 transi- 
tion. Thus the highest level is 1,3). 

A further evidence for the assignment of the spin 5/2 to the inter- 
mediate state is the (e~ — e-)-angular correlation®°), which was 
shown to contain a cos‘? term, thus proving that the intermediate 
state has a spin of at least 5/2 units. 





On the decay of some odd isotopes of Pt, Au, and Hg. 
Hg?9®, 


The measured spin and magnetic moments of the ground state 
suggest it Is a pj one. The 157 keV y-ray fits best with an E 2 
transition, thus fixmg the 157 keV level as f;... The branching of 
the level at 208 keV suggests that the 51 keV y-ray and the 208 keV 
one are of the same multipole order. The conversion of the 208 keV 
y-ray fixes it as an M 1 transition, thus suggesting that the level at 
208 keV is p,;,. The isomeric transition is again M 4, and the iso- 
meric state — 1,3. The absence of angular correlation between the 
f-spectrum from Au?®® and any of the following y-rays supports 
this spin assignment for the different levels in Hg!9°. 


§ 3. Conclusion. 


It is seen that all the single particle states predicted by the shell 
model appear in these nuclei and no other levels are found. (The 
P32 1s not found experimentally in Hg?®’; this could be wholly 
attributed to the mode of exciting the levels in this nucleus. If the 
P3)2 State is above the f;). or below and very near to it one cannot 
expect its being excited via a transition from the isomeric state or 
from the f;). state. This is clearly seen in Hg!®?.) 


The relative positions of the different levels change continuously 
by adding two protons or two neutrons: the energy of the isomeric 
transition increases with a resulting decrease in the half-life. The 
energy of the E2 transition which follows the isomeric state 
increases toe with 4, though less rapidly. The ps). level moves up- 
wards in relation to the f;.. level as one adds pairs of protons or 


neutrons. 

It is perhaps instructive to compare this behavior of the energy 
levels with the behavior of the corresponding levels at the end of 
the (50—82) shell as exhibited by different isotopes of Te, Xe, and 
Ba. There, too, the isomeric transition (h,;.— dg, ) increases in 
energy as one adds pairs of equivalent nucleons, and in the same 
time the s,,. level moves upwards in relation to the dz. one, and 
indeed crosses it, very much the same as the py crosses the fy). 
level in the (82—126) shell. 

It is hoped that further study of other odd A isotopes of Hg, Pt, 
Os, etc. will show whether the excellent accord of the hitherto 
measured isotopes with the single particle model is accidental or real. 


We wish to thank Prof. P. Scuerrer for his kind interest in this 
work and Dr. Icat Tatum for many helpful discussions. 
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Remarks Concerning a Paper by Wilker’) 
by Richard W. Iskraut 
University of Maryland, College Park, Maryland, U.S.A. 
(20. XII. 1951.) 


WILKER states that, W(1)?, 


dr Or . 
a a oe 
ra ort oH. a) 
is invariant with respect to a homogeneous canonical transformation 
only for the trivial case of a free particle. 
WILKER deduces this result by using the homogeneous canonical 
formalism, W(2), W(3), 


, 0 ‘ 0 , 
G=52, Pi=-32; Slap) =0 


(i=1,---f4+1] 


W = fr, $} 
§=t'(t) (H +p) 


WiLKER shows, W(4), that, if r = r (q,, t, pis D2) 


OH or 
Ot Op, 


dr Or . - 
ae = or + ln A] - 
WILKER now concludes that (1) follows from (5) only if dH/dt = 0. 

Now (1) is usually understood to apply in the formalism that can 
be Lorentz invariant, but that is not Lorentz invariant in ap- 
pearance. In this formalism r is expressed as a function of q;, pi; 
t. If r is a function of H as well (or any other quantity, e.g. angular 
momentum), 

dr Or Or OH 


aor tl H+ oR or (8) 

where dH/dt = 0H/ot. 
(6) is equivalent to WiLKER’s W(4), (5) above, because 5 = 0, 
and p, = — H. However, the third term on the right side of (6) will 


1) P. WiLKeER, Helv. Phys. Acta, 319, 24, 1951. 
2) W(1) ete. refers to WILKER’s paper. 
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not appear if H is expressed as a function of q;, p;, t. (6) therefore 
reduces to (1) by arranging that 0r/OH = 0, and not by using 
WiLkEr’s stronger condition 0H/dt = 0. 

If r=r(q;, p:, t) in one inertial system, and we carry out a 
Lorentz transformation, the Hamiltonian will appear in the 
function. For a scalar r 


r (qs, Pi>t)= 7 (Qi, Pi. H, t) (7) 


where the bar quantities refer to the new inertial system. H, howe- 
ver, can be expressed as a function of q;, p;, t, and, if we substitute 
H expressed as a function of q;, p;, t in 7, the expression (1) will 
also hold in the new inertial system, because 07/0H = 0. 

It may also be remarked here that the homogeneous canonical 
formalism can be developed very simply by relating the formulation 
that is non-covariant in appearance 


6 /L (a, Ft, t)dt=0 


with the covariant formulation 
dxy = 
bf 2 (a), 7) dr=0 
in the following way: 


L(x, Gt, t)dt= 2 (24, 4%) dr. 
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